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Abstract. For any Kac-Moody group G with Borel B, we give a monoidal equivalence between 
the derived category of B-equivariant mixed complexes on the flag variety G/B and (a certain 
completion of) the derived category of B^-monodromic mixed complexes on the enhanced flag va- 
riety G^ /U^ , here is the Langlands dual of G. We also prove variants of this equivalence, one 
of which is the equivalence between the derived category of U -equivariant mixed complexes on the 
partial flag variety G/ P and certain "Whittaker model" category of mixed complexes on G"^ /B'^ . 
In all these equivalences, intersection cohomology sheaves correspond to (free-monodromic) tilt- 
ing sheaves. Our results generalize the Koszul duality patterns for reductive groups in [BGS96] . 
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0. Introduction 

0.1. History. The formalism of Koszul duality in representation theory goes back to the work 
of Beilinson, Ginzburg, Schechtman [BGS88j and Soergel |So90j from 1980's, and was devel- 
oped later by these and other authors in |BGS96| . |BG99j etc. The formalism uncovers some 
intriguing phenomena. On the one hand, it shows that some categories of representations (such 
as Bernstein-CePfand-Gerfand category O) are "controlled" by Koszul quadratic algebras; this 
fact, closely related to Kazhdan-Lusztig conjectures, is proven using purity theorem about Frobe- 
nius (or Hodge) weights on Ext's between irreducible perverse sheaves. On the other hand, the 
duality (or rather equivalence) between derived categories of representations has some interesting 
geometric properties. In particular, it interchanges the Lefschetz s[(2) (i.e. the s[(2) contain- 
ing multiplication by the first Chern class of an ample line bundle acting on cohomology of a 
smooth projective variety) with the Picard-Lefschetz s[(2) (i.e. s[(2) containing the logarithm of 
monodromy acting on cohomology of nearby cycles) Q 



We mention in passing that this property is at least formally similar to a key property of mirror symmetry; 
perhaps a better understanding of this similarity can lead to an insight into the nature of Koszul duality. 
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In this paper we extend the result of |So90j and |BGS96j to a much more general setting: we 
replace a semi-simple algebraic group considered in loc. cit. by an arbitrary Kac-Moody group. 
A comment is required on the precise relation between the two settings. First, |So90j works 
with a regular integral block in category O of highest weight modules over the semi-simple Lie 
algebra. By Beilinson-Bernstein Localization Theorem this category is identified with a category 
of perverse sheaves on the flag variety. In this paper we work directly with the geometric category 
of sheaves and its generalizations. (A generalization of Localization Theorem to a general Kac- 
Moody group is not known, so one can not restate our result in terms of modules in this more 
general setting). The parabolic-singular variant of Koszul duality developed in |BGS96j involves 
singular category O. By |MS97j the latter is equivalent to the category of "generalized Whittaker" 
perverse sheaves on the flag variety; hence the appearance on Whittaker sheaves in the present 
paper. 

Finally, we would like to point out that equivalences below generalize the variant of Koszul du- 
ality equivalence suggested in |BG99j rather than the original equivalences of |So90j and |BGS96] . 
While the latter send irreducible objects to projective ones, the former sends irreducible objects 
to tilting ones. The advantage of the "tilting" version of the equivalence is that it turns out to be a 
monoidal functor (in the cases when the categories in question are monoidal) ; in the finite dimen- 
sional group case this verifies a conjecture in |BG99t Conjecture 5.18]. For a finite dimensional 
semi-simple group, the two functors differ by a long intertwining functor (Radon transform). In 
the Kac-Moody setting there is a more essential difference between the two formulations; in fact, 
the categories we consider do not have enough projectives, so the requirement for the functor 
to send irreducibles to projectives does not apply here. So we work out a generalization of the 
"tilting" version of the formalism, and show that the resulting equivalences are monoidal (when 
applicable). 

The price to pay for including monoidal categories into consideration is additional technical 
difficulties of foundational nature (appearing already in the finite dimensional semi-simple group 
case). As pointed out in |BG99j . the dual to the Borel equivariant derived category of the flag 
variety is a completion of the category of unipotently monodromic sheaves on the base affine 
space to a category of pro-objects. The formal definition of such a completion and extension 
of the convolution monoidal structure to it requires additional work, done in the Appendix to 
the paper. See |BG99| for a discussion of the relation of convolution with such pro-objects to 
projective functors on category O. 

We should also mention that although in this article we work with mixed £-adic sheaves on 
varieties over a finite field, there should be a parallel story for mixed Hodge modules on the 
complex analogs of the relevant varieties. 

0.2. Main results. Fix a finite field k = Fg. Let G be a Kac-Moody group defined over k. For 
the purpose of the introduction, the reader is welcomed to take G to be a split reductive group 
over k. Let B = UH be a Borel subgroup of G with unipotent radical U and Cartan subgroup H. 
The ind-scheme G/B is called the fiag variety of G and G/U is called the enhanced flag variety 
of G. For other notations associated to G, we refer the readers to ^2.11 and the "List of Symbols" 
at the end of the paper. 

Let be the Langlands dual Kac-Moody group of G. This is a Kac-Moody group with root 
system dual to that of G, with Borel subgroup B^ = U"^ H'^ . Let W be the Weyl group of G 
and G^ , which is a Coxeter group with simple reflections S (in bijection with simple roots of 
G). Let C S be such that the subgroup Wq generated by Q is finite, hence determining a 
parabolic subgroup Pq of G. The main results of the paper consist of four equivalences of derived 
categories in the spirit of Koszul duality: 
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Main Theorem. There are equivalences of triangulated categories: 

• Equivariant-monodromic duality (Theorem \5.2.1\) which is a monoidal equivalence: 

$ : Dl{B\G/B) ^ DliB^\G'^/B^)- 

• "Self- duality" (TheoremlMJ^: 

^ : Dl{B'^\G''/U'^) ^ Dl{U\G/B)- 

• Parabolic- Whittaker duality ( Theorem \5. 4- 1^ : 

$e : Dt{Pe\G/B) ^ DUiU'^'^'U^'- ,x)\G'' / B^); 

• "Paradromic-Whittavariant" duality ( Theorem 1 5. 5. j|] : 

: I)i(P^\GVC/^) ^ I?i((^®^e'X)\G/i?); 

We need to explain some notations. For a scheme X over k with a smooth group scheme A over 
k acting from the left, we denote by a(^) -^m(^\^) the derived category of A-equivariant 
mixed Q^-complexes on X (using either an ^-adic analog of |BL94j . or the formalism of |LO08j 
if we view A\X as a stack). Therefore, D^^{B\G/B) is understood as the derived category of 
left- S-equi variant mixed complexes on the flag variety G/B, etc. 

The category 5^(5^X0^/5^) is a completion of the category /^^(^^ \^G'^ / B"^), the 
latter being the derived category of left ?7^-equivariant mixed complexes on the enhanced flag 
variety which, along the ff^-orbits (under the action given by either left or right multipli- 

cation), have unipotent monodromy. The completion procedure adds objects with free unipotent 
monodromy (called free-monodromic sheaves) to the monodromic category. For details about 
the completion procedure, see the discussion in Appendix [Al 

In the target of the last equivalence "^q, [/® is the unipotent radical of Pq, and Uq is the 
unipotent radical of a Borel subgroup of Lq (the Levi subgroup of Pe); which is opposite to the 
standard Borel. The left quotient by {U^Uq ,x) means taking mixed complexes which are left 
equivariant under U^Uq against a generic character x '■ Uq — )■ Ga- Such a construction is called 
the geometric Whittaker model (cf. |BBM04b] ) . The meaning of iU^'^UQ'~,x) in the target of 
$0 is similar, with G replaced by G^. 

The equivalences in the Main Theorem enjoy the following properties: 

• They respect the relevant monoidal structures. For example, both sides of the equivariant- 
monodromic duality carry monoidal structures given by convolution of sheaves, and $ is 
a monoidal functor. Similarly, both sides of the parabolic- Whittaker duality are module 
categories under the respective monoidal categories in the equivariant-monodromic duality 
(given by convolution on the right), and respects these module category structures. 

• They send standard (resp. costandard) sheaves to standard (resp. costandard) sheaves. 
The spaces in question have Schubert stratifications indexes by (cosets of) the Weyl 
group. The standard and costandard sheaves are ! and *-extensions of constant sheaves 
(or free-monodromic sheaves) on the strata. 

• They send intersection cohomology (IC-)sheaves to indecomposable (free-monodromic) 
tilting sheaves (Def lA.7TT]) . For example, under the equivalence the intersection coho- 
mology sheaf ICw {w E W, the Weyl group of G) of the closure of the Schubert stratum 
BwB/B C G/B is sent to the free-monodromic tilting sheaf TJo supported on the closure 
of B'^ wB'^ /U'^ C G'^ /U^ . In the case of ^ and ^e, they also send indecomposable tilting 
sheaves to IC-sheaves. More generally, all these equivalences send very pure complexes of 
weight (Def l3.1.^ to (free-monodromic) tilting sheaves. 
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• They are exact functors between triangulated categories, but not t-exact with respect to 
the perverse t-structures. Under all these equivalences, the Tate twist (1) becomes the 
functor [-2](-l). 

0.3. A baby case. We look at the simplest case G = Gm- Let Qe[T] = (pt) be the Gm- 
equivariant cohomology ring of a point, where T is a generator in degree 2 with (geometric) 
Frobenius acting by q. The analog of |BL94t Main Theorem 12.7.2(i)] in the mixed i-adic setting 
gives an equivalence 

Dl{Gm\G^/G,n) = ^i,G„(pt) = Df3(Q^[T],FT), 

the RHS being the derived category of finitely generated differential graded Q£[T]-modules L = 
[■ ■ ■ L^^ L*^ —)■••• ] with a Frobenius action on each L*, compatible with the Frobenius action 
on [T] , and with integer weights (see §1.21 for the definition of weights) . 

The Langlands dual group is again Gm- We consider the non-mixed situation first (i.e., 
passing to k, the non-mixed derived categories will be denoted by instead of -Df„). A local 
system on Gm with unipotent monodromy is given by a representation of the pro-^ quotient 
of 

T^iiGm ®k k). Taking the logarithm of the unipotent monodromy, such a sheaf corresponds 
to a finite dimensional Q£[[t]] -module on which t acts nilpotently. Denote the category of such 
Q£[[t]] -modules by Mod^'"(Q^[[t]]), then 

D',{Gm \ Gm / Gm) = D'' {Mod'''\Q,[[t]])) ■ 
The completion procedure will give 

5,^(Gm\Gm/Gm) = D^QM), 

the RHS being the bounded derived category of all finitely generated Q£[[t]]-modules. The object 
£ in the completed category that corresponds to Q^ifi]] G -D*(Mod(Q£[[t]])) is a free-monodromic 
sheaf. The mixed version reads: 

D',iGm\G„,/Gm) = D'm[t]lF^)- 

Here the RHS is the bounded derived category of finitely generated Q^[[t]] -modules with a com- 
patible Frobenius action (Frobenius acts on t by q~^). One can even replace Qf[[t]] by Qe[t] to 
get an equivalent derived category of on the RHS. 

The equivariant-monodromic equivalence $ for G = Gm and = Gm is given by the following 
regrading functor 

cl> : Df^mnFr) ^ Z)''(Q,[t], Fr). 

For a differential graded Q£[T]-module L = ©L* with each U a Frobenius module, write each 
L* = (BjL^j according to the weights of the Frobenius action. Then 4>{L) is a complex with i-th 

degree cl){Ly = ®j{L^ZjY- Here (— )^ denotes the same vector space with the inverse Frobenius 
action. Each term (t){Ly then carries a Q£[i]-module structure, with t-action induced from that 
of T on L. 

0.4. Other results. Along the way of proving the Main Theorem, we also show 

Variant. (1) The various categories involving G in the Main Theorem can he comhinatorially 
reconstructed from the pair {Vh-, W) alone (Vr is the Q^-Tate module of the maximal torus 
H in G). 

(2) If Lie G is symmetrizable (e.g., G is a reductive group or an affine Kac-Moody group), 
then we can replace all the G'^ 's by G in the various equivalences in the Main Theorem. 
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In fact, for LieG symmetrizable one can choose a Vl^-equivariant isomorphism Vh — > Vh^ ■ 
Hence by (1) above, the various categories for in the Main Theorem can be combinatorially 
identified with the corresponding categories for G. 

Recall that the categories D^{B\G/B) and D^^{B^^^G B) carry convolution products, 

B U 

which we denote by * and *. In proving the Main Theorem, we also get some results on IC and 
free-monodromic tilting sheaves regarding the Frobenius semisimplicity of their convolutions: 

Proposition (see Prop l3.23] and Cor J5.2.3"|) . 

(1) For wi,W2 S W , the convolution ICwi * ^^^2, as a mixed complex, is a direct sum of 
IC.4n]{n/2) for n = i{wi) + i{w2) -^(w)(mod 2); 

(2) For wi,W2 € W, the convolution Twi * 7^2' ^ mixed complex, is a direct sum of 
%o{n/2) for n = i{wi) + i{w2) - ^('u;)(mod 2). 

0.5. The case of loop groups. Among all Kac-Moody groups the affine ones are of particular 
interest in representation theory. These are modifications of the loop groups of reductive groups. 
Below we spell out our Main Theorem in the case of loop groups. We should mention that the 
results listed below are not literally special cases of the Main Theorem; nevertheless, only minor 
modifications are needed to prove them from the argument given in the main body of the paper. 
Let G be the affine Kac-Moody group associated to the loop group of a split simply-connected 

almost simple group Go over k. In other words, G = Go((t)) x G™* where Go((t)) is a nontrivial 
central extension of Go((i)) by a one-dimensional torus and the one-dimensional torus G™* 
acts on Go((t)) by "rotating the loops". Fix a split maximal torus Hq in Gq and a Borel subgroup 
-Bo C Go containing Hq. We get an Iwahori subgroup / C Go((t)) as the preimage of Bq under 
the evaluation map Go[[t]] — > Go. We put a hat on top of / or Hq to denote their preimage in 

Go((i)). The unipotent radical /" of / admits a canonical lifting into Go((t)). The affine Cartan 
subgroup oi G is H = G™"^ x Hq x G™* and B = HI^ is the Borel subgroup of G with unipotent 
radical U = I^. ^ 
The ind-scheme J-i = Go((t))// = G/B is the affine flag variety of Gq; the ind-scheme J-i = 

Go{{t))/I'^ is the enhanced affine flag variety of Gq, which is a right //o-torsor over J^i. Note 
that this is different from the enhanced flag variety Ti = G/I'^ (which is a right i7-torsor over 

The group / x G™* acts on the Go((t))// (where / acts by left translation and G^* acts by 
rotating the loop). Let Sq be the derived category of / xi GJ^*-equivariant mixed complexes on 
J-i. On the other hand, let ^o be the derived category of left /"-equivariant and right Hq- 
monodromic complexes (with unipotent monodromy) on J^i. We can also define a completion 
^0 of ^Q by adding objects with free unipotent monodromy (see Appendix IA.3p . There are 
monoidal structures on S'q and ^o defined by convolutions (similar as the convolutions in §3.21 
and g43]). 

The various duality theorems for loop groups take the form: 
Theorem. 

• Equivariant-monodromic duality (quantized version): 

<!> : #0 = D'^^^.^,{I\GQm/I) ^ Dt{T\G^)) /I) = Jq. 

This is a monoidal equivalence. The "quantization parameter" is given by a generator of 
-f^rrot(pt) on the LHS, and is given by the logarithmic monodromy along G'^^ -orbits on 
the RES. 
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• Equivariant-monodromic duality (non- quantized version): 

Dl{I\Go{it))/I) ^ Dl{I\Gom)/I). 

This is obtained from the above quantized version by specializing the "quantization pa- 
rameters" to zero. 

• Self-duality: 

^ : Al(/"\Go((t))//) ^ Dl{I\Goi{t))/n- 
which exchanges IC-sheaves and tilting sheaves. Moreover, the functor invo^i is involutive 
(where inv : L'^(/"\Go((t))//) — > D!^{I\Go{{t)) / 1^) is induced by the inversion map of 
Goiit)))- 

For parabolic- Whittaker duality, we need to fix a parahori^ subgroup of Go{{t)). Here, to 
simplify notations, we only spell out the case when this parahoric subgroup is G'o[[t]]- Let QrQ^^ 
be the affine Grassmannian Go[[t]]\G'o((i)). Let D'L „rot((??'Gn/^) be the derived category of 
mixed complexes on Grco equivariant under the right /-action and the loop rotation. Let V be 
the preimage of Uq (unipotent radical of the Borel Bq opposite to Bq) under the evaluation 
map G'o[[t]] Gq. Let x ■ ^ ^ Uq — > Ga be a generic additive character. We can consider 
the category D!^{(y,x)\J'^/^HQ) of (y, x)-equivariant complexes on T£ which are monodromic 
under the right //o-action with unipotent monodromy. 

• Parabolic- Whittaker duality (for the affine Grassmannian): 

• Paradromic-Whittavariant duality (for the affine Grassmannian): 

^gr : DliGraJP) ^ dI{{V,x)\:FI). 

0.6. Main steps of the proof. To motivate the main idea of the proof of the equivariant- 
monodromic duality (Theorem I5.2.ip . we briefly indicate the main steps of the proof of the 
quantized equivariant-monodromic duality for loop groups. 

Step I (^. Taking global sections (or equivariant cohomology) of an object € (fo gives a 
module over the equivariant cohomology ring H^^a^{I\G{{t)) / 1). This equivariant cohomology 

ring has been studied by Kostant-Kumar |KK86| . We can identify H^rot(I\G((t)) / 1) with V^, , 

the dual of the Q^-Tate module of the following torus (see \Y10\ §3.7]) 

H' = ker(i/ X H G™*)/A(G^^). 

Here pi and p2 are the canonical projections H — )■ GJ^* applied to the first and second copy of 
H, and A means the diagonal embedding. Therefore we get a global section functor 

(Here the grading on HJ-" = Hj{J^i, J^) is modified: it is given by a mixture of cohomologi- 
cal grading and Frobenius weights) In §3.21 we show that EI has a natural monoidal structure 
(Prop l372.ip . In §3.31 we prove that EI is fully faithful on very pure complexes, using essentially 
the argument of Ginzburg |G91| . 



'Parabolic subgroups of a loop group are usually called parahoric subgroups. 
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Step II (SI). Each object of carries unipotent monodromy coming from the action of H x H 
on I'^\G/r"' by {hi, /i2) • x = hixh2- More precisely, let H" be the torus 

ker(Fx//^G-*)/A-(Gr). 

where A~ is the anti-diagonal embedding. Then SymiVH") acts as logarithmic monodromy 
operators on each object of In N4.51 we define an exact functor: 

V : ^ ^ D\Sym{VH" ) , Fr ) . 

The functor V can be thought of as an averaging functor. In §4.41 we define the usual averaging 
functors relating and its Whittaker versions. However, extending this definition to V involves 
averaging along infinite dimensional orbits. This technical complication is worked out in §4.51 In 
§4.6|, we show that V has a natural monoidal structure (Prop H76.4p . In §4.7^ we prove that V is 
fully faithful on free-monodromic tilting sheaves, generalizing |BBM04at Prop, in §2.1]. 

There are other technical complications in dealing with the completed category e.g., the 
construction of the convolution structure on in §4.31 

Step III ( §01) . Let {ICw\w G VFaff} be the IC-sheaves in (fo and {%u\w e Waff} be the 
indecomposable free-monodromic tilting sheaves in (both indexed by the affine Weyl group 
Waff). We define two algebras 

Mo:= Rom^^{fu,%y. 

where {—)-^ means taking the Frobenius locally finite part (here the Hom and Ext spaces are taken 
in the non-mixed categories, hence carrying Frobenius actions). Applying the general result in 
Appendix [HI we get equivalences 

^0 = ^pcrf(^o, Fr); ^ ^ I)perf(Mo, Fr). 

In other words, Eq and Mq serve as differential graded models for the triangulated categories (^o 
and By the discussion in the previous two steps, we can compute £"0 by the endomorphism 
algebra of ©t„E[(2'C^), and compute Mq by the endomorphism algebra of ©toV(7^). Therefore to 
prove the equivalence, we first need to identify V^, with Vfj" (up to an inversion of the Frobenius 
action) using the Killing form, and then identify M{ICw) with Y{Tw), which can be done in 
an explicit way. In fact, our strategy will be slightly different: instead of using 1,C"uj ctiid 
to produce the algebras and Mq, we use the iterated convolutions TCs^ • • • ^ ^Cs,-^ and 

7^1 * • • • * Ts„-, for reduced words si • • • Sm- This strategy only requires explicit knowledge of 
the case SL(2) (which is done in Appendix [C]) . 

The above discussion also shows why and ^0 only depends on the combinatorial data 
iyH,W): the algebras Eq (or Mq) can be identified with the endomorphism algebra of certain 
explicit Sym(y^,)-modules. These are the so-called Soergel bimodules in the case G is a reductive 
group. 

0.7. Organization of the paper. Above we reviewed the contents of ^through §5.21 The rest 
of ^ is devoted to the proof of the other three dualities mentioned in the Main Theorem. The 
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self-duality is derived from the equivariant-monodromic duality by killing part of the equivari- 
ance/monodromy. The parabolic-Whittaker duality is derived from the equivariant-monodromic 
duality by a Barr-Beck type argument. 

This paper has three appendices, written by Z.Yun. Appendix [Al constructs the completions 
of the various monodromic categories by adding objects with free unipotent monodromy. To this 
end, we need to set up the framework for working with pro-objects in triangulated categories. 
Appendix[B] constructs the differential graded models for the equivariant categories and completed 
monodromic categories. We treat these two cases in a uniform way. Appendix [Cl collects some 
simple results in the case of G = SL(2) which are proved by direct calculations. 
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1. Notation and conventions 

1.1. Notation concerning categories. Given an adjoint pair of functors {L,R) (i.e., L is the 
left adjoint of R), we usually write the arrow representing L above the arrow representing R. For 
example, the diagram 

R 

means that L is the left adjoint of R. 

We adopt the following notation: let be objects in a triangulated category ^, then {Ti,T2 • • • ) 
(denoted by {Ti *J-2 * ■ ■ ■) in |BBD82j ) means the class of objects in which are successive 
extensions of J-^. 

1.2. Notation concerning algebra. Let = Fg be a finite field. Let Fr be the geometric 
Frobenius element in Gal{k/k). Let £ be a prime different from char (A:). Fix an isomorphism 

= C so that we have an archimedean norm | — | on Q^. Fix a square root of q in so that 
the half Tate- twist (1/2) makes sense. 

A Fr-module is a Q^-vector space equipped with a linear automorphism Fr^/ : M — > M. A 
Fr-module M is called locally finite if it is the union of finite-dimensional Fr-submodules. We will 
use 

(1.1) (~)'^ ■ {Fr-modules} — )■ {locally finite Fr-modules} 

to denote the functor which sends a Fr-module M to the union of its finite-dimensional Fr- 
submodules. 

For a Fr-module M, we use to denote the same vector space M, but the action of Fr is the 
inverse of the original one. 

For a locally finite Fr-module M, the weights of M are the set of real numbers 2 log(|A|)/ log(g) 
where A are the eigenvalues of Fr^ on M. 

For an algebra E, we denote by D^{E) the bounded derived category of complexes of finitely 
generated ^-modules. If E carries a Fr-action (degree by degree), we denote by D^{E,¥t) the 
bounded derived category of complexes of finitely generated E'-modules L with a (degree by 
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degree) Fr-action with integer weights, such that the action map E L ^ L is Fr-equivariant. 
In particular, let Z)''(Fr) denote the bounded derived category of complexes of finite-dimensional 
Fr- modules with integer weights. 

1.3. Notation concerning geometry. All stacks in this paper on which we talk about Q^- 
sheaves will be the quotient stack X = [G\Y] where y is a scheme of finite type over k and 
G a smooth group scheme over k acting on Y. We will encounter ind-schemes such as the flag 
variety J-'i for a Kac-Moody group; however, when talking about sheaves on them, we actually 
mean sheaves on their finite-type subschemes Y C J-£ (with the only exception of the so-called 
*-complexes, see ^1.4p . 

For a global quotient stack X = [G\Y] over Fg, we will need the notion of the bounded derived 
category D^{X) of constructible Q^-complex on X. Following |BL94j . we may define this as the 
derived category of Cartesian and constructible Q^-complexes on the simplicial scheme 

(1.2) •••G X G X y X y =t y 

In a series of papers |O07j . [LO08j . Laszlo and Olsson show that the usual sheaf-theoretic operation 
work also for such stacks. 

When X = [G\Y] is a global quotient stack over k = ¥q, we also need the notion of mixed 
Q^-complexes on X. We first recall the definition of the mixed derived category D'^(Y) for 
a scheme Y over k. This is the bounded derived category of Q^-Weil complexes on y (8)^ A: 
whose cohomology sheaves are mixed with integer punctual weights (cf. |D80j ). Now for a stack 
X = [G\Y], we define D'^(X) to be the derived category of Cartesian Q^-Weil complexes on the 
simplicial scheme (jl.2p (based changed to k), whose value on Y (and hence on each G" x Y) 
belongs to D^{Y). 

In particular, D^^{pt) ^ D^{Fi). When we talk about a "twist" of an object T G D^{X), 
we mean J- (S) M for some one dimensional Fr-module with integer weights. The notation J-{1) 
means any such twist. 

Let uj : D'^{X) — > D^{X k) be the pull-back along X ^ X. For a subcategory 

Si C D^{X), we use ojSi to denote its essential image in D^^{X 0k k) under the functor ui. We 
use the notation (n) to mean any combination of shifts and twists which increases the weight by 
n (note that [1] increases the weight by 1). 

We think of D'^{X) as enriched over D^(Fr): for any two objects T,J-', we have Fr-modules: 

Ext^(J-,^') = Ext^,(^^^^)(L^.F,wJ-') G Mod(Fr), 

which are the RHom-complex and Ext-groups in D'^[X (S)k k), rather than in D!^{X). The actual 
RHom-complex in D^{X) is 

Khomx{T,T') = Rr(ZFr, RHomx(J^, .F'))- 

where Rr(ZFr, — ) means the derived functor of taking Fr-invariants on D^{Ft). The actual Ext- 
groups (the cohomology groups of Rhomx(-^, -^')) ^mi-^) denoted by ext^(J', J^'), and 
they fit into short exact sequences (see jBBD821 Eq. 5.1.2.5]) 

(1.3) ^ Ext^^(7-,7-')Fr ^ ext^(J^,^') ^ Ex.t)^{T, T' f' 0. 

In summary, the "Hom" and "Ext" groups are Frobenius modules, while "hom" and "ext" groups 
are plain vector spaces. 

We use Ext* to mean the sum of all Ext*. 
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The notation H*{X) or H*{X) is understood to be the etale cohomology (with compact 
support) of X ®k k with constant coefficients . 

If y is a scheme over k, the triangulated category D^{Y) carries the perverse t-structure 
with middle perversity (pD^'^{Y),pD^^{Y)) (cf. iBBlJ82l §2.2]). The heart of this t-structure is 
denoted Pm{Y), the mixed perverse sheaves. For a subcategory C D'f^{Y), we usually omit 
the left exponent ^ and write = ^r\PD^^{Y), etc. 

For a torus A over k, let Ti{A) be its ^-adic Tate module and Va = Ti{A) Qe. = Hi{AMi)- 
This is a Fr-module of weight -2. 

1.4. Sheaves on ind-schemes. Let X = IJ^g/ X„ be an ind-scheme with prescribed closed 
subschemes X<a indexed by a partially ordered set I. For a < /3 G /, let ia^p : X<a ^ ^</3 be 
the closed embedding. 

The categories {D^{X<a)}aei together with the functors ia,j3,* form an inductive system of 
triangulated categories. Let 

Dl{X) = 2-lu^DliX<^). 

be the inductive 2-limit of D'^{X<a)- 

On the other hand, the categories {D!^{X<a)}aei together with the pullback functors i* ^ 
form a projective system of triangulated categories. Let 

0^{X) = 2-l\mDliX<^) 

be the projective 2-limit of D!^{X<a)- Objects of ^mi-^<a) called *- complexes, and are 
usually denoted hy T = {T<a) with F<a € D^{X<:a)- 
There is an obvious fully faithful embedding 

Dl{X)^^^{X). 

A morphism of ind-schemes f : X = IJ^^g/ Xa Y = U/3g j ^ is said to be bounded if for 
every 13 £ J, the preimage /"^(Yg) is contained in Xa for some a G I, and the restriction of / to 
Yg is of finite type. For a bounded morphism /, we can define the functor 

/, : ^liX) ^ p_l{Y). 

In fact, for T = (J,) G DI{X), let (fiT)^ = (/|y,)! (i*/".) (where j : f-\Yp) ^ X^ is the 
inclusion). The fact that this family of objects is compatible with the pullback functors ip^i^' 
for f3 < f3' ^ J follows from the proper base change theorem. The functor /i sends D^^(X) to 
Dt{Y). 

For a morphism of ind-schemes f : X = IJag/ Y = IJ/3gj ^</3) functor 

r : ^1{Y) ^ ^1{X). 

is always defined. In fact, for a complex T = {J^<i3) € I'^t {f*J^)<a = J*(/|y<,3)*(-^</3) 

where j : X<a f~^{Y<j3) is the inclusion. If, in addition, / is bounded, then /* sends p'^ jY) 
to p_l{X). 

We also need a variant of the notion of *-complexes in the case of completed monodromic 
categories (cf. Appendix IA.3p . In the case X = Uog/ A-torsor over an ind-scheme 
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Y = Uae/^Q (with the induced ind-scheme structure: is the preimage of Y^), where ^4 is a 
torus, we similarly define 

P_liX / ^) = 2 - hm 5^(X<„ / A) 
with the transition functors given by T* ^ . 

2. Kac-Moody groups and their flag varieties 

2.1. Kac-Moody groups. We briefly review the notations concerning Kac-Moody groups that 
we will use in this paper, following |M89j . Let A be a generalized Cartan matrix of either finite 
or affine type, together with a realization over Q. Let q = q{A) be the Kac-Moody algebra 
associated to A, which is a Lie algebra over Q. It has a root decomposition: 

(2.1) = f)e00a 

where f) is the Cartan subalgebra and i? C f)* is the set of roots. By construction, we have a set of 
simple roots T, C R, hence also the positive roots i?+ C R. Let W be the Weyl group associated 
to f). This is a Coxeter group with simple reflections in bijection with the set of simple roots S. 
Let i : W ^ Z>o be the length function of W in terms of the simple reflections S. 

The universal enveloping algebras [/(g), ?7(f)) as well as the integrable highest weight represen- 
tations L{\) of g admit Z-forms. Let k be any field. Using these Z-forms, one can construct a 
Kac-Moody group G over k. This is a group ind-scheme over k. A construction of this group ind- 
scheme is given in pvl89[ §11] We also have the Borel sub group B G G (an affine group scheme), 
its pro-unipotent radical U, and the Cartan subgroup H (a finite dimensional split torus over k), 
such that B = UH. The Lie algebras of H and U are /c-forms of t) and (BaeR+Qa- 

2.2. Flag varieties and Schubert varieties. The flag variety T£ = T£c associated to G is 
the ind-scheme G/B over k. For finite type G, Tl is the usual flag variety parametrizing Borel 
subgroups of G. In general, the ind-scheme structure on Tl is defined by a family of closed 
projective subschemes Ti<w called Schubert varieties (denoted by in |M89j ). Here Ti<w 
is the closure of the i?-orbit (also the ^7-orbit) J-iw C J-i under let action. The orbit J-i^j is 
isomorphic to an affine space A^^"'-*. We have J-£<:wi C T£<W2 if and only if wi < W2 in the Bruhat 
order of W. Let Tl<^w = Ti<w — Tiw Let iw,i<w and i^w be the embeddings of Tlw,Fl<w 
and Fl<w into Fl. 

For each subset Q of S, let Wq <zW he the subgroup generated by 0. We say is oi finite type 
is Wq is finite. Associated to such a of finite type we have a standard parabolic subgroup Pq, 
containing B with Levi decomposition Pq = U®Lq (where Lq contains H). Let Uq = U D Lq. 
Let Uq C Lq be the radical of the Borel of Lq which is opposite to S n Lq; i.e., Uq is the group 
generated by U~ for s S 0. We can identify Wq with the Weyl group of Lq. Let wq € Wq 
be the element with maximal length, whose length we denote by Iq. Let [We\VK] c W (resp. 
{TyQ\l/K}) be the minimal (resp. maximal) length representatives of cosets in VF0\T^. We also 

have a length function £ : We\W = [We\W] — > Z>o and a partial order on 1^0\1^ inherited 
from the Bruhat order on W. 

Let QFi = Pb\G be the partial flag variety associated to the parabolic subgroup P@. Let 
vr® : = B\G — )> qF£ be the natural projection. The orbits of the right B (or U) action on 
qT£ are indexed by VFe\VF. For each w G W0\VI^, the orbit qFIw = Pq\PbwB is isomorphic 
to A^(^). As in the case of the notations qTI^w, @J'£<:w, iju, i<w have the obvious meanings. 
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Fix C S. The [/®C/q -orbits on Tl are still indexed by the Weyl group W . The closure 

® ® 

relation of C/ C/@ -orbits define another partial ordering < on W: we have w < w' ^ wqw < 
WQw'. For each w G W, let J'^® = U^UqwB/B and -F^<^ be its closure in T£. 

Let J-i := G/U be the enhanced affine flag variety of G. The natural projection vr : J^i — t- T£ 
is a right-iif-torsor. The ind-scheme J-'i is stratified by i?-orbits which are also indexed by W. 
Let J^£w,Ti<w,J^^<w,J^^w^-^^<w be the preimages of their counterparts in Ti under 

vr. Let (resp. T<„,) be the inclusion of Ti^ (resp. Ti<u,) into J'^. 

The following fact is well-known: 

2.2.1. Lemma. Fix C S. For each W € W0\T4^, there exists a normal subgroup Jjjj of U of 
finite codimension such that the left translation action of Jyj on qJ-(!.<w is trivial. 

2.3. The big cell. In p89l Remarks following Lemma 8], the big open cell C = C{G/B) C Fl 
is defined as follows. Recall from jM891 §1] that Tl<w admits a projective embedding Tl<w ^ 
P(£'t„(A)), where £'to(A) = C/(b)L(A)u,A, and L{X)^\ is the t(;A-weight line in the highest weight 
representation L(A) (the highest weight A is regular dominant). Let L(A)* be the contragredient of 
L(A) with lowest weight vector g_\ of weight —A. Then g_\ = defines a hyperplane in P(S^(A)) 
and we let C<yj := C PI Ti<w be the complement of this hyperplane in ^ P(-E^(A)). 

For any simple reflection s € S corresponding to the simple root a^, pick a nonzero vector 
G Qas- Consider the vector CsO^x € I-'W* ■, with has weight —A -|- Ug- The rational function 
egG-xl cT-x on W{Eyj{\)), pulled back to Tl<w^ gives a rational function p^^x on Ti<w It is easy 
to check 

2.3.1. Lemma. The rational function p^ x is independent of the regular dominant weight A and 
compatible with the embeddings J-i<:ui ^ J'i<w' ■ Therefore it defines a rational function ps on 
J-i which is regular on C . 

Let C C Fi be the preimage of C. 

2.3.2. Lemma. The H-torsor vr'-' : C ^ C is trivializable. 

Proof. This follows from jM89t Remark before Lemma 9]: "Le morphism P V\cC{G/B) est 
nul" . □ 

2.3.3. Lemma. Let vr^ : C ^ G/B — )■ G/Pg be the projection to the minimal partial flag 
variety corresponding to a simple reflection s E S. For any geometric point x € G/Ps, let 
Gx '■= T^s ' {x) C G be the fiber. Then the function pg/ is constant on Gx if s' ^ s and the 
function ps gives an isomorphism ps ■ Gx ^ . 

Proof. Fix a regular dominant weight A, and the embedding l : Ti<w ^ F{Ew{X)). Choose bases 
-^0 and Vs' of the one dimensional weight spaces L{X)x and L{\)x-a , (s' is any simple root). Let 
c G G<w be any geometric point. Then t(c) is a line in Ew{X) which contains a vector i)o-|-(lower 
weight vectors). We may write l{c) = [gvo] {[v] stands for the line containing v) for some g & G 
equal to a product of elements in C/_^ for negative simple roots — /3 (this follows by looking at 
the Bott-Samelson resolution of J-l<w)- For g of this form, we have 

(2.2) gvQ = f + (lower weight terms); gvs = Vg + (lower weight terms). 

Let X = 7r^(c). The fiber 7r~^(2;) = P^, under the embedding i, can be identified with the pencil 
of lines [g{tQVQ + tsVs)] for [to.ts] G P^ The fiber Gx C P^ is the set of line [g{vQ + tVs)] for t G 
By (12. 2p . for s' ^ s, the coefficient of Vs' in gvg is zero; hence the coefficient of Vs' in g[vQ + tVg) 
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is independent of t. This implies that Ps'\Cx is constant. On the other hand, the coefficient 
of Vg in g(vo + tVs) is a non-constant hnear function in t, which imphes that Ps\Cx induces an 
isomorphism ps : Cx — > ^ ■ □ 

It is also easy to see: 

2.3.4. Lemma. Let p, : d H be given by any anti- dominant regular coweight. Then for 
any w S W, C<^ contracts to the base point B/B £ Tl under the left action of p{Gm)- More 
generally, for any v,w £ W, vC fl Tt<_w contracts to the point vB/B E under the action of 

{vp){Grn)- 

3. Equivariant categories 

In this section, we define and study the category of i3-equivariant complexes on the flag variety 
J^i = G/B of the Kac-Moody group G, as well as its parabolic version. We will study functors 
between these categories and the convolution product on the equivariant category. Of particular 
importance is the global section functor H. We will also give emphasis on the behavior of very 
pure complexes (such as IC-sheaves) under these operations. 

3.1. The equivariant category and its parabolic version. For each C S, consider the 
right S-action on qJ-Iq. For each w S We\Vl^, choose < U as in Lemma l2.2.ir i). and we 
define f%,<to to be the derived category of i?/ J^equivariant mixed complexes on eF(.G,<w It 
is easy to see that this category is canonically independent of the choice of Jyj- These form an 
inductive system under the fully faithful functors iw,* ■ g0,<w — ^ <^0,<w' induced by the closed 
embeddings ijjj : qFIg,<w ^ 0-^^<?u' for w <w' £ Ws\W. Let be the inductive 2-limit of 

Recall that Vh is the Q^-Tate module of H. Then the graded algebra S' := Sym(V^[— 2]) is 
the equivariant cohomology ring of MH. 

For O = 0, we also write (a for S'0 = D^{B\G/B). Consider the action of H x H on the 
stack U\G/U given by (/ii, /i2) • x = hixhl^^ . We may view S' as the derived category of H x H- 
equivariant complexes on U\G/U, hence has the structure of an S'^^'-linear category: S'lSiS* 
acts on Ext* (J-", J^) for all T £ S' functorially. Each is naturally an S"-linear category for the 
right copy of S*. 

For each W £ We\W, the standard, costandard and IC-complexes indexed by w are 

A^ = ijs,MMw)mw)/2y, 

The projection tt® : z^Ig — > e^f-G gives adjunctions 



(3.1) S-^gp, . 

Consider the H x i?-equivariant global sections functor 

Rr//xH(t/\G/C/, -):<^^ Dt{B{H X H)) 

By Cor iBXn we have an equivalence D^^{n{H x H)) ^ L>pcrf(5 ® 5,Fr). Here S = Sym(y^) 
is viewed as a non-graded algebra. We can thus consider the H x ff-equivariant global section 
functor as a functor: 

M : ^ I^pcrf (S 5, Fr) 



ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 



15 



For w € W, let r(w) = {{w ■ v,v)\v G Vh} C Vh x Vh be the graph of the u;-action on Vh- 
We view Vh x Vh as the spectrum of 5 (8) 5" and denote by 0{r{w)) the coordinate ring of the 
closed subscheme T{w) C Vh x Vh, which carries a grading and a Pr-action. 

3.1.1. Lemma. For each w S VF, we have isomorphisms of graded {S (8) S,Fy:) -modules 

m{AJ ^ Ori^)[-e{w)]{-£{w)/2), 
EI(V^) ^ Or(^)[^(^«)](^(u;)/2). 

Proof. Consider the left i7-equivariant embedding l : HwH/H = wB/B ^ J-iw- The restriction 
map on cohomology l* : H*{Tlw) H*{wB/B) is an isomorphism because J-iy^ is isomorphic 
to an affine space. Since both wB/B and J-i^ are equivariantly formal with respect to the left 
iJ-action, the restriction map is also an isomorphism on equivariant cohomology, i.e., 

H^w)[-^{w)]{-£{w)/2) ^ H*{H\Tt^) ^ H*{H\HwH/H). 

Here the stabilizer of the H x //-action on HwH (recall that the action is given by {hi, /12) • x 
hixh2^) is the subtorus {{whw~^, h)\h E H} C H x H. Therefore H* {H\HwH / H) is isomorphic 
to Or(to)- The second identity follows. 

The proof of the first identity is similar, except we use the natural isomorphisms 

M{A^)[-i{w)]{-e{w)/2) ^ H*{B\BwB/B) 
^ H*{H\HwH/H,i%) ^ H*{H\HwH/H)[-2e{w)]{-e{w)). 

□ 

Recall from |D80j that a local system C on a scheme X over k is pure of weight n (with respect 
to the chosen isomorphism ^ C), if for any closed point x & X with residue field k{x), all 
the eigenvalues of the geometric Frobenius Fr^ action on the stalk Tx has norm ^/c(x)" under 
the chosen isomorphism — > C. If £ is pure of weight n, then we say C[m\ is pure of weight 
m + n. 

3.1.2. Definition, [compare |BB931 §5.2]] Let X = \_\Xa be a stratified scheme and T € D^{X) 
is constructible with respect to the stratification. Let ia '■ X^ ^ X he the embeddings. Then 
T is said to be *-pure (resp. \-pure) of weight n if for each a, i*^J- (resp. Vq^J-) is a complex of 
weight n (i.e., the local system H'^i'^T or H"^v^T is pure of weight n + m). It is said to be very 
pure of weight n if it is both *-pure and !-pure of weight n. 

The notion is of very purity is stronger than the notion of purity of complexes (cf. |BBD82l 
§5.1]). We use y C (resp. C (%) to denote the full subcategory of very pure complexes of 
weight 0. 

3.1.3. Example. By the argument of Lemma 13.2.41 below (essentially using Bott-Samelson reso- 
lution), ICw is *-pure of weight (see also |BGS96l Lemma 4.4.2]); since it is Verdier self-dual, it 
is also !-pure of weight 0. Hence ICjjj € 'f'Q. By Example IB.2.H the subcategories "V d S (resp. 

C (%) satisfies all the assumptions in Appendix [Bl 

Here are some easy consequences of purity. 

3.1.4. Lemma. 

(1) If J- ^ S is either *-pure or l-pure of weight 0, ]HI*(J^) is a Fr-module of weight i and 
M{J^) is free over either the left or the right copy of S (note that we are not claiming the 
freeness as (S ,Fr) -modules, but only the freeness as S -modules). 
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(2) If J-i € (o' is *-pure of weight and ^ ^ is \-pure of weight 0, then Ext^(J-i, J-2) is 
a Fi-module of weight i and ExtJ(J-'i, J-2) is free over either the left or the right copy of 
the graded algebra S' . 

Proof. We give the proof of (2): the proof of (1) is similar. We use induction on the support of 
Ti,T2. Suppose the statement is true for Ti € <^<w Now consider Ti S <%to, then we have a 
long exact sequence 

• • • ^ Ext*(i*<^7-i,i<^7-2) ^ Ext^(J-i, J-2) ^ Ext*(CJ-i,i;j-2) ^ • • • 

By assumption i^J^i and r^T2 are pure of weight 0, hence Ext*(i^J^i, J2) has weight i. Also 
i^^J^i (resp. r^^J-'2) is *-pure (resp. !-pure) of weight 0, by induction hypothesis we know that 
Ext*(i^^J^i, z!^^J"2) has weight i. By weight reasons, the above long exact sequence split into 
short exact sequences: 

^ Ext'(i^^7-i,i<^7-2) ^ Ext'(J-i,7-2) ^ Exf(C7-i,i;j-2) ^ 0. 

The two ends of the short sequences are free over either copy of S', hence so is the middle one. □ 

An important property of the global sections functor M is the following, whose proof (essentially 
borrowed from the argument of Ginzburg in jG91j ) will be postponed to section [3^ 

3.1.5. Proposition. Suppose J-i,J-2 € 'f , then the natural map 
(3.2) ExtK-^i,-F2) ^ Hom5^^(H(J-i),E[(7-2)) 
is an isomorphism ofFr-modules. 

3.1.6. Lemma. For any w € W, write w = uv with u € Wq and v € [VFe\VF]. We have 

vrfA,^ ^ A^[-£{u)]{-£{u)/2y, 

Proof. We only need to observe that the projection 0TiG,<w — > eJ^£G,w is a trivial fibration with 
fibers isomorphic to A^^"\ □ 

3.1.7. Corollary. The functor vr® sends very pure (resp. *-pure, l-pure) complexes of weight 
to very pure (resp. *-pure, \-pure) complexes of weight 0. 

Proof By LemmaEXg vrf sends (A^„(0)|w; G W) to {A^u{0)\w e We\W) and sends (V^(0)|';i; € 
W) to {'Vw{0)\w G We\W). But these two classes consist precisely of *-pure and !-pure complexes 
of weight 0. Moreover very pure complexes are precisely those objects in the intersection of the 
two classes. □ 



3.2. Convolution. Consider the convolution diagram 

B 

G X T£ 



(3.3) r.xTf 





Ti B\Ti 



where pi,P2 are projections to the left and right factors and m is induced by the multiplication 
map of G. The convolution diagram induces a convolution product 

B 

{Tx,T2) ^ mi{TimT2)- 
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Note that Ti M T2 is an i?-equivariant complex on G x Tl with respect to the action i ■ (g, x) = 

B B 

{gi , ix) and hence descends to a complex J^i Kl J-2 on G x TL There is an obvious associativity 

constraint which makes * into a monoidal structure on More generally, the convolution gives 
a right action of the monoidal category S on (% given by the same formula. 

3.2.1. Proposition. The functor H has a natural monoidal structure which intertwines the con- 

B L 
volution * on <§ and the tensor product {Ni,N2) ^ Ni ®^ N2 (with respect to the right S-action 

on Ni and left S-action on N2) on Dpcj-{{S iS) S,Fi). 

Proof. Consider the group H x H acting on J^l x J^£ by (/ii,/i2) • ix,y) = {xh^^,h2y)- The 
quotient map hy H x H can be factorized into two steps: 

where po is the quotient by the diagonal copy of A(i7) C H x H. 

Applying Cor lB.4.21 (the isomorphism dES])) to the H x H / A{H)-torsoT Ti x _(pi^ 
J-i X H\J^£, we get a functorial quasi-isomorphism 

(3.4) (]H(J^i) E[(7-2)) ^g^s S ^ M{Ti x Tl,T^ 1 T2). 

In the tensor product on LHS, the S ® S*- module structure on ]HI(J-'i) ® H(J^2) comes from the 
right S'-action on IHI(J^i) and the left S'-action on E[(J"2); the S ® S*- module structure on S comes 
from left and right multiplication. Now (j3.4p is obviously the same as 

(3.5) EI(7-i) %s M.{T2) = x Ti.T^ i ^2)- 

H — H H B 

Since both projections G x Fl — > J-l x Tl and G x Tl — )• G x Tl are fibrations with fibers 
isomorphic to pro-affine spaces, we have 

(3.6) M.{Tl X Tl, Tl i T2) = M{G x Tl, Ti 1 T2) = M{Ti * T2). 



□ 



Combining ()3.5p and ()3.6p . we get a functorial quasi-isomorphism 

EI(7-i) m{T2) = m{Ti * T2). 



The following lemma is well-known. 

3.2.2. Lemma. Suppose wi,W2 and £{wiW2) = l{wi) + l{w2), then 

Moreover, S & S' is the unit object under the convolution * . 

3.2.3. Proposition. If T\,T2 S , then so is T\ * T2- 
Proof. By definition, 

y = {A^{0)\w €W)n {V^{0)\w G W) 

Observe that 

(3.7) A^, fA^, G {A^{<0)\weW) 

(3.8) VwJVw^ G {Vu,{>0)\w £W). 
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In fact, to prove (I3.7p . we can write each = As^ * • • • * A^,^ by Lemma [3.2.21 (for a reduced 

word expression w = si • • • Sm) and we reduce to the computation of A^ * A^/ for two simple 

reflections s,s'. If s 7^ s', then A^ * A^' = A^^' by Lemma 13.2.21 For s = s', this follows by 
Lemma IC. 31 The proof of (13. Sp is similar. 
Therefore, for T\^T2 € 'Y ^ we have 

^ := J-^ f J-2 e (A^(< 0)|w; G VF) n (V„,(> ^)\w G W). 

We will show that the condition already implies very purity. In fact, by Lemma [2.3.4l for v (zW, 
the open subset vC PI Fi<w contracts to the point vB/B under a one-parameter subgroup of H. 
Therefore, by |S841 Cor.l], we have 

ilVu, = H*{vCr\Fl<u„V^) = H*{vCr\Ftu,W{w)]{l{w)/2). 

which has weight > as a complex because vCCiJ-iw (an open subset ofTi^ ^ A^^"')) is smooth. 
Therefore £ (V^u(> 0)\w G W) implies that i*J- has weight > for any v G W. On the other 
hand, J- G (At;(< 0)\v G W) implies i^J^ has weight < 0. Therefore J- is *-pure of weight 0. A 
dual argument shows that J- is also !-pure of weight 0. Hence J-" is very pure of weight 0. □ 

3.2.4. Lemma. For each w G W, := M{ICw) is a direct sum of Fi-modules Q^[n](n/2) for 
n = i{w){mod 2). 

Proof. For w = s a simple reflection, by Lemma IC.H we have M(ICs) — 0{T{e) U r(s))[l](l/2), 
for which is statement is true. In general, write w as a reduced word w = si ■ ■ ■ Sm where sj are 

B B 

simple reflections. Let ZCw_ '■= ICsi * • • • * ^Cg^, which is a very pure of weight by Prop l3.2^ 
By PropEXSland PropEZH End(XC ^u) is a direct summand of 

End^^5(M(XC^)) = End5^5(]H,, ^s'-'^s ^sj, 

which is in particular Fr-semisimple. By Cor IB. 2. 5l ICw decomposes as a sum of shifted and 
twisted IC-sheaves, among which ICw necessarily appears with multiplicity one. Then, as a 
Fr- module, is a direct summand of EI(IC^) = Mg-^ 0^ ■ ■ ■ 0§ H^^, which is a direct sum of 
Qi [n] {n /2) for n = i{w){mod 2). □ 

3.2.5. Proposition. For wi,W2 G W, the convolution XCyj^ * l-C^^, as a mixed complex, is a 
direct sum of XCyj[n]{n/2) for n = l!.{wi) + ^{w2) — •^(it;)(mod 2). In particular, if i{wiW2) = 

£{wi) + i{w2), then ICwiW2 a direct summand of XC^^ * XC^^ with multiplicity one. 

Proof. Let = XC^i * XC^^- By Prop l3.l3] and Prop ]3.2!n End^(J^) is a direct summand of 
Endg^_5(BI(J^)) = End^^^(EI^j (g)^ Hi„2)) which is Fr-semisimple. By Cor lB.2.5t then decom- 
poses as a direct sum of XC^j ® for some complexes of semisimple Fr-modules. Apply H, 
we see EI(J^) = (8)5 EI^j is a direct sum of (g) M^. Apply Lemma 13.2.41 again, we conclude 
that Mw is a direct sum of Q£[n](n/2) for n = i{wi) + £{w2) — ^(tL')(mod 2). 



If i{wiW2) = £{wi) + i{w2), then the multiplication BwiB x BW2B/B — )• BW1W2B/B is 
birational. Therefore ujXCwiW2 is a direct summand of ujT with multiplicity one. By the above 
discussion, XCwiW2 is also a direct summand of J- with multiplicity one. □ 

3.2.6. Remark. The new content of this proposition is the semisimplicity of the Fr-action on 

XCuii * ^C^2i which does not seem to be known before. 

For C S of finite type, let Cq be the constant sheaf on J^^<^„q . ThenCe — XC^q[— £0](— £9/2). 
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B\G 



n 



.0 



B\G 



Pe\G 



where m,p2 are as in the convolution diagram ()3.3p . By proper base change we get for any T ^ S ^ 



3.2.8. Remark. By the adjunction ()3.ip . the functor 7r®'*7r® has a comonad structure. By 
Lemma I3.2.7( the object Ce is hence a coalgebra object in the monoidal category S . In other 

words, there are comultiphcation map /.f : Ce — )■ Ce * Ce and counit map e : Cq ^ b satisfying 
obvious associativity and compatibihty conditions. 

3.2.9. Lemma. For w G W, the complex vr^TC^ is a direct sum of ZC^[n](n/2) for n = 
i{w) — £{v){m.od 2). In particular, for w G [VF0\M/^], ZCw is a direct summand of nflCw with 
multiplicity one. 

Proof. By the Decomposition Theorem, ojirfXCw is a direct sum of ujXCy[n]. By adjunction and 
Lemma 14.4.11( 3). 

Ends^iirf IC^) ^ Hom^g (7r®'*^f XC^,XC^) 
^ Hom^(C0 f IC^,XC^) 

But the latter is a direct summand of Hom^^^(HI^„g,[— £e](— (ds^wj^w) by Prop l3.l31 By 
Lemma [3.2.4| Pr-acts semisimply on }lom.g^g(J\IwQ[—£Q]{—iQ/2)'Si£;M.w,^w), hence on End^g, (vrfXCtt,). 
By CorEm vrf XC^ is a direct sum of ICy (8) My for some complexes My of semisimple Pr- 

modules. Then, 7r®'*7r®XC^ = Ce * XC^ is a direct sum of 7r®'*XC^ ® M^j ^ XC„[-£e](-^0/2) ^ 
My where v G {VFe\l^} lifting v. Applying H to this decomposition and using Lemma 13.2.41 
again, we conclude that each My is a direct sum of Q£[n](n/2) for n = i{w) — ^(U)(mod 2) . 

If w € [We\W^]i then Tt<w @^^<w is birational, therefore ojXCyj is a direct summand of 
LOTrflCy, of multiplicity one. By the above discussion, ICyj is a direct summand of irflCw with 
multiplicity one. □ 

3.3. Proof of Proposition I3.1.5L This section is devoted to the proof of Prop l3?T31 Let A<„, 
be the equivariant cohomology ring H*{B\Ti<w). We first show 

3.3.1. Lemma. Let J-i,J-2 € 'f'Kw, then there is an isomorphism ofYi-modules 



Proof. The proof is essential borrowed from |G91j . But Ginzburg's proof in loc.cit. was carried 
out for varieties over C using mixed Hodge modules, and we are working with mixed complexes 
on varieties over F^, the result in loc.cit. does not formally apply to our situation. Therefore 



□ 



(3.9) 



ExtK-^1,-^2) HomA<JlH(7-i),EI(J-2)) 



20 



ROMAN BEZRUKAVNIKOV AND ZHIWEI YUN 



we include a self-contained proof here. We use induction on the set {v G W\v < w} (for this we 
extend the partial ordering to a total ordering) to show that 

Ext' (i<j,7'i,il<„J'2) ^ HomA<,(HI(z<t,,*i<^J'i),EI(i<j,_*i<^J'2)). 

For V = e this follows from the equivalence (f<e = D!^{MH) = Z)perf(5', Fr) established in 
Cor lB.4.Tl Suppose this is proved for all elements v' < v. Let 

Z := B\J^i<y A X := B\T£<^ ^ U := B\J^i^ 

be the inclusions. 

We have an exact sequence 

^ H*{U) A<^ 0. 

Now H*{U) is a free 5- module of rank one. Choose a generator \U] of degree 2l{v) (corresponding 
to a lifting of a fundamental class into equivariant cohomology). By Lemma l3. 1.4( 1). we have 
exact sequences for weight reasons (for T = T\ or T2) 

(3.10) ^ ]H(j!j*J^) ^ M.{T) 0; 

(3.11) ^ m{ijT) M{j^j*T) 0. 
From this, we see that the action of [U] on EI(J^) factors as: 

(3.12) m{T) 

} u 

m{ju*T)mv)]{iiv))^ -]H(7-)[2£(r;)](£(^;)) 

where u is an isomorphism. Therefore we have a commutative diagram: 

Exfzii*Ti,rT2) ^ HomA<„ {m{iJ*J^i),m{iJ-T2)) 

Ext'x ( J-i , T2) HomA<„ (M(7-i) , m{T2)) 

Ext^(i*J-i, j*J-2) Hom^,.(c;)(E[(j;j*J-i),EI(j;j*J-2)) 

Now a is an isomorphism by inductive hypothesis; c is an isomorphism because (oy = D^{U) = 
-Cperf (5", Pr) by Cor lB.4.ll The left side sequence is exact by Lemma [3.1.4( 2) (again by weight 
reasons). We claim that the right side sequence is exact except possibly at the bottom end. 
Admitting this fact, then b is also an isomorphism and the induction is complete. 

It remains to show that the right side sequence above is exact on the top and in the middle. In 
fact, by the exact sequences p.lOp and (|3.1ip . it is exact on the top. Now we show it is exact in 
the middle. If (j) '■ BI(J-i) — )■ IHI(J-2) is an A<„-linear homomorphism which induces the zero map 
— ^ ^{j*j*^2), then the image of (j) lies in Il{i^i'!F2)- Moreover, [U] o (j) = because 
[U] factors through ]HI(j*j*J^i). Therefore i;^ o [f/] = (because [U] £ A<y commutes with (p), 
hence (p is zero on the image of [U], which is M{jij*J'i). Therefore (j) comes from an ^<„-linear 
homomorphism BI(i^i*J^i) — )• HI(i*r J-2). This completes the proof of the claim. □ 



Now we show that Lemma 13.3.11 implies Prop lXLSl We use the following simple observation 
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3.3.2. Lemma. Let S be a ring and B ^ C be a homomorphism of S-algebras that induces a 
surjection after base change to Frac(S'). Let Mi,M2 be two C-modules with AI2 torsion-free over 
S. Then the natural homomorphism 

Home (Ml, M2) Horns (Ml, M2) 

is an isomorphism. 

We want to apply this Lemma to the situation B = S S ,C = A<w and S the right copy of 
S in S S. For this we need 

3.3.3. Lemma. The homomorphism of {S ® S ,Fr) -modules given by restrictions 

A<^ ^ n H*{B\Ti^) 

is an isomorphism after tensoring by Prac(S') over the right S -module structures. 
Proof. We do induction on w. We have a commutative diagram 

H*^{B\T£J ^ A^^ 

a b c 

H*{B\T£^) n.<. IHI(V„) . n.<. IHI(V.) 

where a is the "forgetting the support" map. To show that b Frac(S') is an isomorphism, it 
suffices to show a Frac(S') and c®^ Frac(S') are. For c we can use inductive hypothesis. The 
map a factors as 

H*{B\MJ ^ H*{B\T£<^) ^ H*{B\MJ. 
where ai is "forgetting the support" and 02 is the restriction map. The cones of ai and 02 are 
successive extensions of shifts and twists of ]H[(At,) and ]H[(Vt,) for v < w. As S 1^ /S-modules, the 
supports of the cones of ai and 02 are contained in the union of r('y) for v < w hy Lemma 13.1.11 
Since the source and target of a are supported on T{w), a Frac(5') is the same thing as the 
locahzation of a at the generic point of T{w), where the cones of ai and 02 become zero (because 
T{w) n T{v) is a proper subscheme of T{w)). Therefore a Frac(5') is an isomorphism. The 
proof is complete. □ 

Consider the composition 

S^S^A<^^Y[ H*{H\HvH/H) ^ J] 0{r{v)). 

After tensoring these maps by Frac(S') over the right copy of S, we get 

S Frac(5) ^ A<^ ®^ Frac(5) ^ JJ 0{r{v)) 0^ Frac(^) 

which is obviously surjective (on the level of spectra, this corresponds to the closed embedding of 
the generic points of the graphs T{v) into Vh 0k Frac(S')). Also notice that M.{J^2) is free (hence 
torsion-free) over either copy of S by Lemma 13.1.4( 1). Therefore we can apply Lemma 13.3.21 to 
conclude 

ExtH-^1,-^2) = HomA<„(]HI(J-i),IHI(J-2)) 
- Homg^g(H(7-i),EI(J-2)) 

as graded Fr- modules. 
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4. MONODROMIC CATEGORIES 

In this section, we define and study the category of [/-equivariant and //-monodromic com- 
plexes on the enhanced flag variety Tt = GjU of the Kac-Moody group G, as wefl as its Whittaker 
version. We wifl study averaging functors relating these categories and the convolution product 
on the monodromic category. We will give emphasis to the behavior of (free-monodromic) tilting 
objects under these operations. We have tried to arrange the materials in parallel with that of 
f|3l with the exception of the functor V (the counterpart of H), whose definition requires work 
care when Ti is infinite dimensional. 

This section relies on the foundational material on the completed monodromic categories in 
Appendix Rl We suggest reading §A. II before getting into this section, leaving however the rest 
of Appendix El as references. 

4.1. The monodromic category. Recall Tl = G/B is the flag ind- variety for G and Tl = 
G/U is the enhance flag ind-variety. Consider the right--ff torsor vr : Fl — > Fl. Let !Si<w = 
D'^{U\F£<w) be the derived category of [/-equivariant mixed complexes on Fl<w It is easy to 
check that, as a full subcategory of D^{Fi<w), ^<w satisfies the assumptions in Appendix lA. 61 
so that we can define the monodromic categories 

:= Dl{U\F£<^/ H). 

and its completion following the construction in Appendix IA.3I and I A. 61 Let ^ (resp. 

^) be the inductive 2-limit of (resp. ^<^, &<w)- 

The triangulated categories ^ carries the perverse t-structure with heart 3^. By Remark 
IA.6.21 this t-structure extends to and we denote its heart by Recall from §A.1I that 
vr^" = 7r'[— r] : ^ is t-exact and its left adjoint vrj = Ti\\r\ : ^ is right t-exact. 

Let r^<w = ^ n The irreducible objects in are twists of vr^IC^. When there is no 

confusion, we will also write XCw for 'k'^XCw The basic free-monodromic perverse local system 
Lyj on Ftyj (see Def lA.4.l]) is normalized so that 'k^Lw = '^g\t(w)\{i(w) 12) on Flw For w = e, 
we also write b for Lf.^ a free-monodromic perverse local system on H = Fie- In comparison 
with the free-monodromic local system C on A = H in Example I A. 1.21 we have 6 = C[r]{r). The 
free-monodromic standard and costandard sheaves are denoted by A^^, and 

The group H x H acts on the stack U\G/U via (/ii,/i2) ■ x = hixh2- Note that this action 
differs from the action defined in N3.1I by an inversion of the right copy of H. We will see 
later (in the proofs of Lemma 14.5.61 and Prop Hl6^ that this modification makes the equivariant 
and monodromic categories match perfectly. It is easy to see that the full subcategory ^ C 
D\{U\G /U) consists exactly oi H x ff-monodromic objects (because the generating objects 10^ 
are). Let S = Sym(V//) and S = l^m S/ {Vf})- The left and right actions of H give logarithmic 
monodromy operators by the algebra S iSi S (see discussions in Appendix lA.ip , so that is 
naturally an S ^ S'-linear category. 

4.1.1. Remark. We have defined ^ as the completion with respect to the monodromy of the 
right copy of H. We could have defined another completion of ^ using the left copy of -ff . It 
turns out that these two completions are canonically equivalence. Therefore we sometimes prefer 
to use the more symmetric notation D^{B ^^^G y B) to denote 

4.2. The Whittaker category. Let C S be a subset of finite type. For each simple reflection 
s E W , recall is the 1-dimensional unipotent subgroup of G whose Lie algebra is the root 
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space corresponding to — a^, then we have a canonical isomorphism: 

(4.1) ^^e/Pe^U^]- 

see 

Fix an isomorphism U~ — > Ga for each s G S. Let 

see see 

be the sum of the isomorphisms U~ ^ Ga ■ We can view the map x ^ additive character of 
Uq, or even of the pro-unipotent group U^Uq. 

Fix a non-trivial additive character il) : k ^ Q^. This determines an Artin-Schreier local 
system AS^ on Ga and hence the local system x*AS^ on Uq or U®Uq. We want to define the 
category of complexes on T£ which are {U®Uq, x)-equivariant, i.e., equivariant under U^Uq 
against the character sheaf x*AS^. 

We first recall some definitions in the finite-dimensional setting. Suppose V \s a, group scheme 
with a one-dimensional local system A on it which is a character sheaf. This means there is an 
isomorphism m*A = AMAonV'xV with which is compatible with the identity section and the 
associativity of V in the obvious sense. Let X be a scheme with a ^/-action a : F x X — t- X. A 
perverse J-" on X is said to be (V, ^)-equivariant if it is equipped with an isomorphism a*F = AMF 
with obvious compatibility conditions. When V is connected, the category of {V^ ^)-equivariant 
perverse sheaves is a full subcategory of perverse sheaves on X. 

In our situation, each orbit J-"^® of U^Uq is finite dimensional whose closure -7^^<^ is a 
projective variety contained in some Schubert variety of J- 1. By Lemma 12.2. H we can choose 

Jw <1 of finite codimension which acts trivially on J'i^^- We can define J2 e to be the 

~ e,<w 

category of (J^\J7® • J7q , x)-equivariant perverse sheaves on T£'^^. This notion is obviously 

independent of J^. Let be the inductive 2-limit of {J2 e }• Let be the triangulated 

e,<«i 

subcategory of D^{Ft) generated by 

S! Q / Si e admit t- exact equivalences 
e,<w e,<w 

w G [We\W] 
w ^ [We\W] 

Proof. Let T G &e.w For w ^ [VF0\VF], we can find some simple reflection s £ @ such that 
i{sw) < i{w). Then the stabilizer of the point wB/B under Uq contains C/~, on which x is 
nontrivial. Therefore the stalk cohomology of J- at wB/B is zero, hence J- has to be zero along 
since its cohomology sheaves are locally constant along Ti^. This implies = G ^0,«,. 
If It; G [VFe\W^]) then the action of [/@ on J-"^® is free with quotient isomorphic to an affine 
space A We may choose a section of the quotient map Ft® A^^"") and identify T'f® with 
Uq X A^^^\ Any (C/q , x)-equivariant perverse sheaf F on Fi'^ has the form x*AS^ Kl ^^[^e] 
for some perverse sheaf F on A^^^\ and vice versa. The equivariance under C/® forces F to be 
constant. Therefore ^e,w is equivalent to the full triangulated subcategory of D^{Uq x A^^"')) 
generated by twists of the local system x*AS^ Kl Q^. Hence ^e^w — D''{Fr). □ 

The above lemma implies that satisfies Assumption S in Appendix lA.6l therefore we can de- 
fine the Whittaker-monodromic category of (C/®C/q , x)-equivariant and right ff-monodromic 



4.2.1. Lemma. The subquotient categories 



■),w 



D\Ft) 
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complexes on Ti. We can also define its completion According to Lemma 14.2.11 we can in- 
dex the subquotient categories of '3Iq^.^q by elements or subsets of VF0\VF, for example ^e,<u7 
for w S Ty0\Ty. The categories and carry the perverse t-structm'e with hearts cind 
^0 (see Lemma lA.6.2p . 

For each w G M^e\VF, we have a (C/®?/^ , x)-equivariant perverse sheaf C-w.x of rank one 
and weight in <Se,w G [T4^e\W^] representing w). This is the sheaf x*AS^ Kl '^i\l[w) + 
^e](^(5^)that appear in the proof of Lemma 14.2.11 We also have the basic free-monodromic 
([/®C/q , x)-equivariant perverse local system >C«j,x ^ S^Q.w (cf- Def lA.4.l]) . which we normalize 
so that TX'^Lw^x — ^w,x- We also have the standard and costandard sheaves A^uj^^ = i^j, 

X — iw,*-^w,x i'^ '^0- We have standard and costandard free-monodromic sheaves ^w,x 
Viij,x in ^e- 

Since e is the minimal element in VFe\VF, we immediately conclude with the cleanness of the 
local system >Ce,x- 

4.2.2. Corollary. The natural maps 

are isomorphisms. We denote these objects by 6® G J2q and 6^ G respectively. 
4.3. Convolution. Consider the convolution diagram 

(4-2) GxTi 





where pi,P2 are projections to the left and right factors and m is induced by the multiplication 
map of G. The convolution diagram induces a convolution product on 

Here m| = m![r]. Note that T\ Kl is an [/-equivariant complex on G x Tt with respect to 

the action i ■ {g,x) = {gi ,ix) and hence descends to a complex Kl J-2 on G x T£. There 

is an obvious associativity constraint which makes * into a monoidal structure on More 
generally, the convolution gives a right action of the monoidal category ^ on given by the 
same formula. 

4.3.1. Lemma. The monoidal structure * naturally extends to the completed category ^ . 
Proof. We can decompose * into two steps: the first step is 

(/.(-,-) :^x^ ^ D^^{U\GxTe/H,^id)^D^miU\GxTi/H). 

u — 

where -ffmid means the torus acts on G x T£ hy {gi,g2) ■ h = {gih,h g2), and VTmid denote the 
quotient map by -ffmid- 
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Fix T' G For any pro-object " " Tn G ^ the pro-object "^im"(/)(J-'„, J^') is in fact 

B — 

isomorphic to an object in D^{G x Ti). In fact, since T' is a successive extension of tt^J-" for 
J-" G it suffice to check with T' = tt^T" . In this case one easily sees 



(4.3) 



(J-„,7rtj-") = 7rt (^(7rt7:„) i . 



Therefore "^im"(/)(J>i, J^') = (/)("^im"(7r-|-J>i), J"") is essentially constant because " ^im " (7r-|-J>i) is 
essentially constant (i.e., belongs to This shows that (j) extends to 

^:^x dI^{U\G X H). 

Similarly, we may define 

: Si D^^{U\G x T£) 
so that the following diagram commutes 



^x ^ ^ D^miU\G X / H) 

idXTTi Hi 



^x S ^ D^^{U\G X Ti) 



B — B ^ 

where 11 : U\G x J^£ U\G x J^£ is the projection. Prop lA.3^ then implies that (p further 
extends to 

^ : D^m{U\G X Ti/ H) 

B — — 

The second step is given by the multiplication m : G x Ti — > Tl 



mi : DI,{1J\G x Fl / H) 
which, by Cor lA.3.4l extends to completed categories 

mi : &m{U\G X / H) 



Now for ■■ 



jr p 



' - "^"T"; G ^, we define 

n 

" 1^ " " ^ " m, 0( , j;) = " ^ " " 1^ " J™ * t; . 



7711 



n m 



n m 
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We construct the associativity constraint for the extended * . Let J-" = " l^m " Tj , T' = 
"lim"J';,, J"" = "lim"j;' G ^ On one hand, 

n 

= '4m"m!^("lkn"m!^(J^,J4), j;') 

n m 
n m 

= " ^ " " ^ " " 1^ " m,(j){mi q){Fj ,F'^),K) 

n m j 

n m j 

Here the order in which the "lim" is taken is important. Similarly, one verifies 
F*{F'^ F") = "^i" "1^" * {F'^ * j:;'). 

n m j 

Let a{Q ^Q\Q") : {Q * Q') % Q" ^ Q% [Q' * Q") be the associativity constraint in (^, *), then 
we define the associativity constraint a for (^, *) by 

a{F,F',F") = "l^""l^""l^"a(7-j,7-;„, J-;,')- 

n m j 

To check the pentagon relation for a, we only need to notice that the two ways of getting from 
{{F * F') * F") * F'" toF* {F' * {F" * F'")) is obtained by taking " " " 1^^ " " 1^^. " " 1^^ " 

of the two ways of getting from {{Fi * J'j) * F'^) * J"''' to Fi * (J'j * {F'^ * ^n))- This com- 
pletes the proof. 

□ 

u — 

4.3.2. Remark. Recall the i^mid-action on G x FI defined in the proof of the above Lemma. 

u 

The monodromy action of Vu^i^ on Fi M F2 corresponds to the difference of the right Vj^-action 
on Fi and the left VH--action on F2- Since the multiplication map fh factors as m = m o vrjuidi 

u u 

the V£(-ffmid) acts trivially on vrnii(j(J^i M F2), hence on Fi * F2- Therefore, the following two 

S-actions on Fi * F2 are the same: one is the right S-action on Fi; the other is the left ^-action 
on F2 ■ Here we are making use of the convention of the H x //-action fixed in ^4.1[ 

Similarly, the convolution action of ^ on extends to an action of the monoidal category 
,*) on Using similar convolution diagrams, we can define a right convolution * of (o on 

= D^{U\Fi); we can also define a left convolution * of ^ on ^. 



4.3.3. Lemma. Suppose wi,W2 G W and i{wi'W2) = i{wi) + £{w2), then 
Moreover, the object 5 is the unit object in the monoidal category ^ . 
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Proof. Here we only give the proof of 6 * J- = J- , the rest is either similar or easier. The relevant 
convolution diagram becomes simply the left action map a : H x Ti — ?• Ti. Therefore 

T ^a\(bnT)\r\ = a\{Z^T)\lr\{r). 
By Lemma IA.3.61 we have a\ {Z M F) [2r] (r) ^F. □ 

4.3.4. Proposition. For free-monodi 
also a free-monodromic tilting sheaf. 



4.3.4. Proposition. For free-monodromic tilting sheaves 71,72 G the convolution 7i * 72 «s 



Proof. By Lemma [A. 7.21 it is enough to check that T := tt^{Ti * 72) = 71 * 7r-|-72 is a tilting 
sheaf on Fi. Observe that 

(4.4) A^, * A^, ^ A„,, f A,^, G (A^(?)[< 0]\weW)c^ 

(4.5) V^, * V^, ^ V^, * V^, G (V»(?)[> 0]\w £W)C^^. 

B B 

In fact, to prove (14. 4p . we can write each A^„ = A^-^ * • • • * by Lemma 13.2.21 (for a reduced 

word expression w = s\ - ■ ■ Sm) and we reduce to the computation of A^ * A^/ for two simple 

reflections s,,s'. If s 7^ s', then A^ * A^' = A^s'. For s = s', this follows by Lemma IC.31 The 
proof of (14. 5p is similar. 

Therefore, since 7r|72 admits a A-flag and a V-flag, the convolution T = 7i * vr-|-72 satisfies 

(4.6) ojT G (A^[< 0]\w €W)n (V^[> 0]|u; G VF). 

We show that the above condition already implies that T is a tilting sheaf. In fact, we know 

that is perverse (since iu, is affine), hence T G (V„[> 0]\w e W) C i.e., i^^T G 

On the other hand, T G (A^[< 0]|u; G W) implies that i^T G Hence i^T IS perverse. 

Similarly, we can argue that i'^T is also perverse. Therefore T is a tilting sheaf, and 7i * 72 is a 
free-monodromic tilting sheaf. □ 

4.4. Averaging functors. In this section, we fix a subset O C S of finite type. 

4.4.1. Averaging along Uq. Consider the left action: 

a+ : Ue X F£ ^ F£. 

For ? =! or *, define the functors 

avf:7)^(7^£) ^ Dl{Ue\F£) 

F ^ afiWe]{£e/2)^F). 

The functor av® obviously preserves right i7-monodromic subcategories. Moreover, since U® 
is normal in U with quotient Uq, the functor avf also preserves left ?7e-equivariant structures. 
Therefore, we get a functor 

^ Dt^iU'^XFt/ H)^.^ 
which passes to the completions (cf. Prop iX73.3p 

Av®: ^ ^ 
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4.4.2. Averaging along {Uq,x)- Similarly, consider the action: 

(4.7) a- : Uq X T£ ^ Ti. 

For ? =! or *, define the functors 

av®,(^) := a^{x*AS^[ee]{ee/2)MT). 

As in the case of av®, the functor av® , preserves right i?-monodromicity and left i7®-equivariance. 
Therefore we get a functor 



Forg 



>Dl{U''\Ti/H) 



which passes to the completions 



Using the convolution, we give an alternative description for Av' 



e 



* (-). 



4.4.3. Lemma. We have a natural isomorphism 

(4.8) Ave,(-,_.^ 

In particular, there is a natural isomorphism of functors Av®| ^ Av®^. From now on, we denote 
these functors by Av®. 

Proof. The argument is essentially the same as |BBM04al Theorem 1.5(1), Theorem 2.2]. We only 
need to exhibit such a natural isomorphism between the restriction of the functors to Let j 
be the open immersion of the big Bruhat cell in the flag variety of Lq: 

j:UQ^LQU/B = Le/LenB, 

and let 

J: X H ^ LeU/U ^ Le/Ue. 

By Cor J4.2.2l we can view the free-monodromic perverse local system 5® as either ji or % of the 

perverse local system x*AS^[£0](£e/2) 
Consider the diagram 



(5 on C/q X H. 



xH xTi 



jxid 



LqU X 



id xajj 




Uq xM- 



^ LeU X T£ ^ J'^ 



where : H x J^i Ti is the left action map. For ? =! or *, we have 

= m!(Jx id)7(x*AS^[£0](^0/2) J")[r] 

= m,(i X id)7(x*AS^[£e](^e/2) S auAbn T))\r\ 

By Lemma [A. 3. 61 we have aji/j ((5 Kl J-") = (note that b is normalized to be i2[r](r) on i?). 

Hence 



m^Xj X id),(x*AS^[^e](£e/2) K-F) 
ar{x*AS^[eem/2)MT) = Av®, (J^) 



which proves the ()4.8p for ? 



? =1 
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To prove the case ? = *, we note that by Cor^MM j!(x*AS^) = j;(x*AS^) = (5®. Notice also 
that m is proper (hence mi = m*), therefore 

^ m!(j xid),(x*AS^[^e](^e/2)K-F) 

B B 

^ m^j X id),(x*AS^[£e](^e/2) K J-) 



□ 



AAA. Corollary. The functor Av® is t-exact with respect to the perverse t-structures on and 

Proof. Since the action map a~ in ()4.7p are affine, we conclude that Av®| is right exact and 
Av®^ is left exact, by |BBD82[ Theoreme 4.1.1 and Corollaire 4.1.2]. By Lemma |4A3l Av® is 
exact. □ 



4.4.5. Lemma. We have adjunctions 



AvP 



(4.9) ^±4: 

Ave 

Proof. By Prop lA73.3l it suffices to check the adjunctions for functors before completion. There 
we have the adjunctions 



Dl{U^\Te/H) 



where the unlabeled functors are forgetful functors Forg. The compositions give adjunction pairs 
(av® o Forg, av®^ o Forg) and (av® , o Forg, av® o Forg), i.e., (Av®, Av®) and (Av®, Avf ). □ 

4.4.6. Lemma. For w ^ [We\W], we have Av®(XC^) = 0. 

Proof. If w ^ [1^0\1^], then there exists a simple reflection s G such that £{w) = £{sw) + 1. 
Therefore ICw is Pg-equivariant with respect to the left action of Pg on Tl. Let vr^ : Lq /Uq = 
LqU /U — > LqU /Pg = Lq/Lq n Pg be the natural projection. Then by lemma [4.4.31 

Av^(2:C^) = ?® * IC^ = TT, ,(^®) IC, 

p p 

where the convolution * : D^^{G/Ps) x D^(P,\J"£) ^ D^^{T£) is defined in a similar way as *. 
Now7r5 !((5®) ^ D^{{Uq,x)\Lq/ Ps^Lq) and we claim this category is zero. Just as in the proof 
of Lemma l4.2.1l it suffices to show that the stabilizer of any v{Psr\LQ) / {Psr\LQ) {v € We) under 
Uq contains Uf for some t £ Q (on which x is nontrivial). In fact, if u 7^ e, then £(tv) < £{v) 
for some t £ Q and the stabilizer of v{Ps H Lq,)/{Ps H Lq) contains N^; if u = e, the stabilizer 
of {Pg n Lq,)/{Ps n Lq) contains U~ . Therefore iXs^iS^) = and Av^(ZC^) = 0. This completes 
the proof. □ 

Let =S is the category of left [/-equivariant mixed perverse sheaves on T£. Let be the 
abelian subcategory of ^ generated by twists of XC^ 
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4.4.7. Lemma. For each w S W, 

(1) There is an injection 5{i{w)/2) ^ in ^ whose cokernel is contained in and uj5 
is the only semisimple sub-object ofujA^j; 

(2) Dually, there is a surjection V^i -» 5{—i{w)/2) in ^ whose kernel is contained in 
and uj6 is the only semisimple quotient object o/wV^^. 

Proof. The proof is essentially borrowed from the proof [BBM04al §2.1], where the finite flag 
variety was treated. We prove (1) and (2) follows by Verdier duality. 

We do induction on i{w). For w = e this is clear. Suppose £{w) > then i{w) = i{ws) + 1 
for some simple reflection s. Consider the P^-fibration tTs : J-£ — )• G/Pg- Then we have an exact 
sequence in £2 

^ A^,(l/2) ^ ^ 7r:A^[l](l/2) ^ 

where A^ is the standard sheaf on G/Pg corresponding to the i?-orbit BwPg/Ps- By inductive 
hypothesis, we have an injection 5{i{ws)/2) A^g whose cokernel is in cS+. Note that the 
simple constituents of p*Aw[l]{l/2) are twists of XC„ = 7r*XCtr[l](l/2) for some v € {VFe\H^}, 
hence 7r*A^[l](l/2) G This proves the first statement of (1). 

Let ujIC^ ^ ojAw be a simple sub-object. Consider the image of ulCy in a;p*A^[l]. If this 
image is nonzero, then v £ {We\W} and IC^ = 'ir*ICjj[l]{l / 2) . We have 

Hom^(XC„A^) = Hom^(7r:XC^[l](l/2),A^) 

^ Home/ft (2:C^[1](1/2),^,,,A^) 

^ HomG/ft(XC^[l](l/2),Aw[-l](-l/2)) =0 

Here we use the fact that ps is proper and J-i^ — ?• UwPg/Ps is a trivial A^-bundle to conclude 
'Ks,*^w = TTsjAtt, = Ai;7[— 1](— 1/2). The above vanishing means that ujXC^ has zero image in 
Li;7r*Ai;7[l] and hence lies in ojAws- We then use inductive hypothesis for A^^ to conclude that 
V must be e. Similarly, any semisimple sub-object of ojA^ must also lie in uAyjs- Hence such a 
semisimple sub-object can only be uj5, by inductive hypothesis. □ 

4.4.8. Lemma. 



(1) For u G Wq, we have 

(4.10) Av®(A„)-50(^H/2); 

(4.11) Av0(V„)-5^(-^(t.)/2). 

(2) For w G W , write w = uv where u G W@ and v G [We\^]; then 

(4.12) Av®(A^) - A^,^(^(n)/2); 

(4.13) Av5(V^) ^ V^,^{-£{u)/2). 



Proof. We prove the statements about A^; the argument for is similar. We first show that 
(1) implies (2). In fact, by Lemma [4.3.31 A^„ = A^ * A^, therefore 

Av®(A^) ^ 5® * A, * A, ^ Av®(AJ * A„. 
Assuming (j4.10p . we get 

(4.14) Av®(A^) ^ Av®(A„) * A, ^ ?®(£(n)/2) * A, = Av®(A,)(^(n)/2). 

Since v G [We\VK], the action map a~ gives an isomorphism 

a" : [/q X BvB/U^Ti^. 
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Therefore Av®(A^) ^ A^^.x 

follows from the definition of Av®. This, combined with (j4.14p . 
proves the isomorphism ()4.12p . 

It remains to prove (1). By the last sentence in Remark IA.5.51 it suffices to show that 
7rtAv®(A„) ^ 5^{l{u)/2). We have 

7rtAvQ(A„) = J® * vrtA, = J® * A„. 
By Lemma I4.4.7l fl). there is an injection 5{l{u)/2) ^ whose cokernel is in By the 

argument of Lemma 14.4.61 * "^+' ^^^^^ 

^® * A„ ^ 5® * 6{iiu)/2) ^ 7rt^®(£(n)/2) ^ <5®(£(n)/2). 
This completes the proof of the lemma. □ 
The following is an immediate consequence of Prop l4748l 

4.4.9. Corollary. If T £ ^ is a free-monodromic tilting sheaf, then Av®?" is also a free- 
monodromic tilting sheaf. 

4.4.10. The object Vq. Define the object 

(4.15) Ve := AvP(5®). 

Since (5® is supported on Ft<u,f^ = LqB/B, Ve is also supported on Ti<WQ', i.e., Ve G ^<wq- 

4.4.11. Lemma. 

(1) The object uVq is a projective cover of in (jJl3^<_uje- 

(2) The object Ve is a successive extension o/A„(£(u)/2) for u € Wq, each appearing exactly 
once. 

(3) There is a natural isomorphism of functors ^ — t- .M 

AvpAv®(-)^^e * (-). 

Proof. (1) Note that we have an equivalence i : .Jie,<e — D^{S,Fr) with corresponding to S. 
For any J-" G uj^^wq , we have 

(4.16) RHom_^^^jPe,^) = RHom^^^^(5® AvJ(^)) 

(4.17) ^ RHom^(S,iAv®(7-)) = iAv®(J^). 

Therefore uVe represents the exact functor toAv® : uj^kwq — > D^iS, Fr). The exactness implies 
LoVe is a projective object in uj^<w0- By Lemma [4.4.61 and Prop l4.4!8t we have 



Hom^^Pe,XC„) = iAv®(XC^) 



Q^, w = e 

0, w eWe- {e} 



Therefore uVe is a projective cover uj6 in uj^kwq- 

(2) By (|4.16p and the isomorphism (j4.1ip . we have for any u G We 

Hom^Pe, V„) = iAv®(V„) = S{-i{u)/2). 

This implies that in the A-flag of Ve, each A„(£(ti)/2) appears exactly once. 
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(3) For any object T G we have functorial isomorphisms 

AvpAv®(7-) ^ Avp(5® * 7-) ^ (Avfj®) * ^ = * 
Here we used the obvious fact that Av® commutes with right convolution. □ 

4.4.12. Remark. As in Remark 13.2.81 by Lemma [4.4.11( 3). the comonad structure on AvPAv® 

gives a coalgebra structure on Vq with respect to the convolution *; we will see a similar phe- 
nomenon in Prop lT67¥l 

4.5. The functor V. In this section, we will define a functor V : ^ ^ D^{S ® S',Fr). In 
the case G is of finite type, this is essentially the averaging functor Av^. However, when G is 
infinite-dimensional, the averaging procedure involves the infinite-dimensional big cell C C Ti^ 
which causes some technical complication. 

4.5.1. The functor av^. Recall from Lemma 12.3.11 that we have a regular function on C for 
every simple reflection s. Let x be the sum of these functions: 



^.^ jj^i +^^1^ 

sgE 



We define to be the *-complex x*AS^ on the ind-scheme C . Then L^^ is the projective limit 
of local systems on C<w 

By Lemma 12.3.21 the ff-torsor vr'-^ : C — ?> C is trivializable. Let us fix a section o" : C — )• C 
whose image is denoted by . Let Cq C G be the preimage of C"^ C Ti^ which admits a right 
?7-action, and the quotient Cq/U = C. We will also view jC^ as a *-complex on C"^ or Cq by 
pull-back. 

For each w G W, consider convolution: 

: Cg ^ -^<«' cGxTi^Te. 

Both the source and the target of the morphism a^^, are ind-schemes (the ind-scheme structure 

u — 

of the source are given by IJui'gh/ <w' ^ J^^<w), and is clearly of finite type, therefore we 
can define the functor 



By Prop lA73.31 this functor extends to 



av 



<ui,! 



Passing to the inductive 2- limit, we get 

av^, :^^ ^^{Ti/H). 
Recall the projection vr^ : C C J-£ — )• G/Pg for any simple refiection s. 
4.5.2. Lemma. The ^-complex ■k'^^C^ is zero. 
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Proof. It is enough to check that the stalk of t^^\C^ at any geometric point x € G/Pg is zero. 
By Lemma 12.3.31 the restriction of to the fiber Cx = 7r^'~^(x) can be identified with the 
Artin-Schreier sheaf AS^, on via ps : Cx — > A^. Therefore the stalk of vrj |/^^ at x is 

H*{Cx,C^\cJ = H*{A\AS^) = 0. 

□ 

4.5.3. Lemma. For w ^ e, av-^^!(XC^) = 0. 

Proof. For Ti G Dt{U\Ti),T2 G D^{B\Ti), ayi{Ti * T2) = ^^x^X^i) * -^2 because av^^^i is 

B B 

itself defines by convolution. Since each ICw {w 7^ e) is a direct summand of ICg^ * • • • * ICs„^ 
for a reduced word w = si - ■ ■ Sm, it suffices to show that av^ !(2"Cs) = for any simple reflection 
s G S. _ 

Let TTs ■ Ti G/Ps be the projection. Let 5s be the skyscraper sheaf at Ps/Ps G G/Pg. Then 
ICs can be identified with tt^^s up to shift and twist. We have 

aVx,!(^s<Js) = 7r>| {C^ Kl 6s) = tt^^ 
which is zero by Lemma 14.5.21 Hence av^ !(ZCs) = and the lemma is proved. □ 

If we further take stalks along the stratum J-ie, we get 

V :=^av^, : ^ / H) ^ Dl{Fle / H) ^ D\S,¥r) 

4.5.4. Corollary. The functor V' is t-exact. 

Proof. By Lemma lA.6.21 in order to show that V is t-exact, it suffices to show that it is t-exact 
when restricted to 

By Lemma WK?\ wejee that V'(XC^) = for w ^ e. For w = e, V'(7rt<5) = i^7rt£^ = 
Q^[r](r) = TT^6 G D^j^{Tle y H) corresponds to the trivial module G D^(5,Fr) placed at 

degree 0. Therefore, V sends simple objects XCw G ^ to the heart of D^{S,¥t), hence t-exact 
on ^. □ 

4.5.5. The functor V. Let (V)-^ be the composition of V' with the equivalence (cf. (jl.ip ) 

■.D\S,¥t)^D\S,Fi). 

By Cor l4.5.41 iy'y restricts to an exact functor 0^ Mod(S',Fr) with the S'-action on Y'{T)-f 
coming from the right i^-monodromy. We also have the left i?-monodromy acting on each object 
J- € functorially, hence acitng as natural transformations on the functor (V')'^. Therefore, we 
can lift (V)'^ uniquely into an exact functor 

(4.18) V = (V')^ : Mod(5 (g) S, Ft). 

We also write 

V : D^S (8 S, Fr) 

for the derived functor of (14.180 . It is easy to see that V is a lifting of (V)-^ as functors on 

For w €W, let the T*{w) = {{w ■ v*,v*)\v* G V^} CV^ xV^ be the graph of the ?/;-action on 
V^. Let Or*(w) be the coordinate ring of T*{w) CV^ 'x^h- 
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4.5.6. Lemma. For each w S W, we have 

V(V^) ^ Or.(^)(-^(^x;)/2). 

Proof. We prove the first identity; the proof of the second one is similar. We first claim that 
V(A ui) as a right S is isomorphic to S{i{w)/2). For this, it suffices to show that V'(Atu) — 
T*aV;^j(Ait,)[r](r) = C[r]{r + l{w)/2). By the last sentence in Remark lA.5.51 it suffices to show- 
that 7r|I*av^j(A^) ^ Q^(£(tt;)/2) G Dl{Tle)- 
We can similarly define 

which kills all XC^ except 5 (see Lemma l4.5.3p . By the definition of V, we have 

7r-|-i^av^j(A^) = z*7r-|-av^j(A^) = z*aV;^j(A^). 

By Lemma l4.4.7r i). we have an injection 5{l{w)/2) A^^ whose cokernel is in (hence killed 
by av^^i), therefore 

i:av^ ,(A^) ^ i:av^ ,(5^)(£(zz;)/2) ^ Q,(£(ii;)/2). 

This shows that V(A„,) ^ 5(£(i(;)/2) as right 5-modiiles. 

Secondly, we show that the S ® S-action on V(Ai„) factors through C'r*(w)- Note that the 

S (8) 5-structure on V(A^) comes from the action of 5 C?) 5 on IS.yj. Since T(.yj — J^^w x H and 
J-iw is isomorphic to an affine space, we have 

(4.19) End(A^) = End^e^^niQi ^ = End^B/u(S) 

Note that the H x ff-action on HwH = wB/U factors through (H x H)/Hw where = 
{{whw~^ ^h^'^)\h G H}, therefore the 5 (8) 5-action on End^^/(/((^) factors through Sym((VH- © 

Vh-)/Vh,J, which is Or*(i«)- 

Combining the two steps, we see that V(A^) = C'p*(^)(£(tt;)/2). □ 

The following result is parallel to Prop 13. 131 We postpone its proof to ^4.71 

4.5.7. Proposition. Suppose 71,72 € ^ are free-monodromic tilting sheaves, then the natural 
map 

(4.20) Hom^fi,f2)^ ^Hom5®5(V(7i),V(f2)) 
is an isomorphism of Fr-modules. 

4.6. The pro-sheaf V. We first define a shifted version of Avi, averaging along [/-orbits. For 
w € W, pick a normal subgroup Jw<U of finite codimension d{Jw) which acts trivially on Fl<_w 
Let : Jw\U x Ti<,w — ^ J^^<w be the action morphism. Define 

^ ^ a\^^(^l\2d{J^)\(d{J^))^T). 
It is easy to see that w<w}. is independent of the choice of and compatible with the restriction 
functors 7^ ^, for the inclusions Iw^w' '■ ^^<w ^ ^^<w>-, hence it defines a functor 

avi : ^^(J^/^if) 

which is left adjoint to the forgetful functor ^ — > ^^{Tl / H). 
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Recall that we have a trivialization C = C xH. Let Cy. be the pro-object £^K1(5 in ^^{C / H) 

(where 6 is the basic free-monodromic local system on H). Let J be the open embedding C ^ J-i. 
We define 



4.6.1. Lemma. There is a nonzero morphism V ^ 5 making ojV a projective cover of uj5 in lo3^ . 
In particular, we can view 

Proof. We first show that 



In particular, we can view 1^ as an object in ^ — 2 — lim !^ <^ 



w ^ e; 

Q_f w = e 



(4.21) Hom.^(P,XC^) 

Since avi is adjoint to the forgetful functor, we have Hom{'P,ZCw) = }lomjrg(j\Cy.,ICw) . Uw^e, 
then ICy^ has the form Tfj^J-" for some simple reflection s and some complex J-" € D^^{G/Ps) 
(tTs : T£ — > G/Pg is the projection). Hence 

= HomG/p^(7f^^!j!£^,7r- JT) 

= Homc/p, (vr^.TTpr^, J") = Homc/p, (vr^i/^x' 

Here we used the fact that vrpiCj^- = C-^. By Lemma [4. 5. 2 ^ vrp,/^^ = 0. Hence Hom('P,XC^) = 
for w ^ e. 

For w = e, 

Hom('P,ICe) = }lom^^{J\C^,TT'6) = i^C^ = Qe- 

This proves (I4.2ip . 

We then prove RHom(P, -) : D^{\ect) is an exact functor: i.e., Ext<°(:P, ..#^°) = 

and Ext>°(:P,^0) = 0. By Lemma |Al^ it suffices to show that Ext<°(P,^^°) = and 



Ext^ (V,^- ) = 0. But this follows from (|4.2ip . because every object in uj^- (resp. 
is a successive extension of a;IC„,[< 0] (resp. ujICw[^ 0]). This finishes the proof. □ 

4.6.2. Corollary. The object V G ^ is a successive extension of Au;{i(w)/2) for w G W, each 
appearing exactly once. 

Proof. By Lemma 14.4.7( 2). 5{—i{w)/2) is the only simple constituent of V^j whose underlying 
complex is uj5. By Lemma 14.6.11 we have 

Hom(^t:P,V^) = Hom(P,^tv^) = q^{-i{w)/2). 

This means 7r|T^:P = iln^V ^ Q^(£(ii;)/2). By Remark EXSl = £^(^(u;)/2), which proves 
the corollary. □ 

Composing with the exact functor {—)^, the functor Hom(P, — )-^ on ^ is still exact. Since 
Hom(7', —)f carries an action of S iS> S coming from the left and right iif-monodromy, it can be 
lifted to an exact functor 

(4.22) Hom(:P, : Mod(5 (g) 5,Fr). 

We define 

RHom(P,-)^ : D\S®S,Ft) 
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to be the derived functor of (j4.22p . It is easy to see that, the i-th cohomology of Hliom.{'P , T)^ 
is nothing but the Fr-locally finite part of Horn-space between uiV and ujJ-[i] as pro-objects in 

4.6.3. Lemma. There is a natural isomorphism of functors 

RHom(:P,-)^ ^ V : L»^(5(g)5,Fr). 
Moreover, such an isomorphism is unique up to a scalar. 

Proof. First we claim that V('P)^''""°'p = Q^. In fact, by Cor l4.6.2l P is a successive extension of 
A{e{w)/2). By LemmalMSl Y{A{i{w)/2)) ^ Oy*{w){^{'>^)) has negative Fr-weights except when 
u; = e, in which case V(^)^^'-'^°'p = Q^. 

The identity V('P)^''""'^'P = gives a map, functorial in G 

P{F) : RHom(P,J^)^ = RRom{V,Ty ®Y{Vf' ^ RHom(P, J-)^ (g) V(:P) -^Y'{T). 

We claim I3{J-) is a quasi-isomorphism for any G By our remarks following the definitions 
of the derived V(— ) and RHom('P, — ), for a general object T = "^im"J>^, the i-th cohomology 
groups of Y{J-) and RIIom('P, J-") are computed as the projective limits of i-th. cohomology 
groups of Y{J-n) and RHom('P, J^^), hence it suffices to show that (3{J-) is an isomorphism for 
any T £ or even for the generating objects {IC^}- Using Lemma [4.5.31 (3{ICw) is trivially 
an isomorphism for w ^ e; for w = e, : — > is also an isomorphism by construction. 
Hence /3{J^) is an isomorphism for all T S hence also for all J- S 

The uniqueness (up to scalar) of /3 follows from the fact that the Fr-equivariant endomorphisms 
of the functor RHom^P, -)^ reduce to V(P)^'' = Q^. □ 

The following result is the counterpart of Prop HTrXTl 

4.6.4. Proposition. 

(1) The pro-object V has a coalgebra structure with respect to the convolution *; i.e., there 

is a comultiplication map ji -.V ^ V and a counit map e : P — > (5 satisfying obvious 
CO- associativity and compatibility conditions. Moreover, this coalgebra structure is unique 
once we fix the counit map e, which is unique up to a scalar. 

(2) The functor V has a monoidal structure which intertwines the convolution * on and 

the tensor product {Ni,N2) ^ Ni (g)^ N2 (with respect to the right S-action on Ni and 
the left S-action on N2) on D^{S <S> S,Ft). 

Proof. (1) By Lemma l4.5.6[ we have 

hom^V, 6) = Hom^P, 6f' ^ S""' = Q„ 

Hence we have a map e : V ^ 6 in ^ , unique up to a scalar. We fix such an e. 

Using the argument in the proof of Lemma 14. 6. 3^ we see that the only simple constituent of 

V ^ V isomorphic to 5 (not just its twists) is the quotient V^V^5^ 5 = 6^5. In other 
words, 

(4.23) hom^V, V*V)= hom^(P, 5) = Q,, 
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which gives a map fi : V ^ V * V in unique up to a scalar. If we require that V * 

~ e*e ~ U ~ ~ 

V — > 5 * 5 = 5 he the same as e, then /x is uniquely determined. The co-associativity of /i 
follows essentially from the fact that 

hom^P, V*V*V)^ hom^P, 5) = Q,, 

which is proved using the same argument as (|4.23|) . 

(2) Using Lemma [4.6. 31 and the coalgebra structure defined in (1), we have a map functorial 
in Ti,T2 € 

Y{Ti) (E) V(J-2) = Hom^^, » Hom^^P, J-a)^ 

^ Hom^:p * :p, ^1 * 

^ Hom^P, Ti * = Y{Ti * F2). 

By Remark 14. 3. 2 1 the map a above factors through Hom^^'P, FiY ^-^Yiom.^^ ^ ^2)^ because the 

right S'-action on the first term and the left S-action on the second term coincide after applying 
a. Therefore, we get a bifunctorial map 

(4.24) J-2) : Y{Fi) ®g N{F2) ^ N{Fi * F2). 

The compatibility of /? with the monoidal structures * and (8)^ follows from the coalgebra structure 
of V given in (1). 

It remains to show that /3(J^i, ^"2) is an isomorphism for any T\^T2 S ■ Clearly, it suffices to 
show that /3|^x^ is an isomorphism. Since — , — ) is a natural transformation between bi-exact 
bifunctors, it suffices to show that 7^2) is an isomorphism for generating objects of say 

T\ = -n^ZCyj and F2 = ir^ICyj' for w,w' G W. U w and w' are not both equal e, the convolution 

J~i * J'2 = T^^i^Cuj * ICm') does not have simple constituent isomorphic to 6 (for example, if 
w' e, then 10^' is the pull-back of a complex on G/ Pg for some simple reflection s, hence so 

is XCw * ICw')- Therefore, in this case, both sides of (|4.24p are zero, hence /3 is trivially an 
isomorphism. 

In the case w = w' = e, both sides of (|4.24p are isomorphic to S viewed as an 5-bimodule, and 
the map f3{6, 6) is also easily seen to be an isomorphism. This completes the proof. □ 

4.7. Proof of Proposition I4.57fl We partly follow the strategy of the proof of |BBM04al Prop, 
in §2.1]. Fix w G W and let V<w = 'T'^^V G ■'^<w, whose underlying complex is a projective 
cover of oj5 in oj^^<yj^ by Lemma [4.6. 11 By Lemma [4.6.31 y\l^<w, factors as: 

V : ^<u, "="°'^(^^-'-\ Mod(A<^, Fr) ^ Mod(5 (g) 5, Fr) 

Here a{—) = Hom(P<^, — ) and A°^}' := End 5- {V<w) and the second functor above is the re- 
striction of scalars via the central homomorphism S^S ^ ^<io given by left and right logarithmic 
monodromy operators. 

The functor a admits a left adjoint 

/3:Mod(^<^,Fr) ^ ^ 
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Concretely, if we write M as the the cokernel of a map of free yl<^-modules Vi®A<:_^ VqiS)A<:^^ 
(where Vi are vector spaces), then fi{M) is the cokernel of the corresponding map Vi ® V<w — ^ 
Vq (8) Vkw Note that /3 is a right inverse of a. 

Let = ker(a) and = ^+ n ^. By Lemma liX6l ^+ C ^ is the full subcategory of 
objects J- whose simple subquotients in the Jordan-Holder series are twists of XC„ for v > e. 

4.7.1. Lemma. For any object T G ^+ and any u G W , we have 

(4.25) Hom(J', A„) = 0; 

(4.26) Hom(V„, J") = 0. 

Proof. We first prove (j4.25p . Since ujAu is a successive extension of wtt^Au, it suffices to show that 
Hom(J-', vr^Au) = 0. Write T = "lim"J>i. Since 7" G by Lemma lAXl we may assume 

each Tn G Suppose /„ : uTn wA^ is any nonzero map, we will show that this map 

becomes zero when composed with J^m J~n for large m. In fact, since J- G ^+ = ker(a), we can 
choose m large enough so that a{J^rn) — >■ a(-^n) is zero. Now /„ and fm ■ wA^ 
factor through /° : uj^H^Tn ^ wA„ and : uj^H^Tm ^ ujPH^J^n ^ wA„. Let Gn and Gm be 
the image of and Then we have Qm C C a;A„. If both C/m is nonzero, then by Lemma 
I4.4.7r i). we must have uj5 C Qm C Qn, which implies that a{Qm) oi{Qn) is nonzero, hence 
Oi{J'm) OL{Fn) is nonzero, contradiction! This proves that any map /„ is zero in the direct limit 
limHom(7:„, A„). 

The proof of ()4.26p is similar. □ 

Suppose 71, Ti are free-monodromic tilting sheaves in 3^<w We will first prove that the natural 
map 

(4.27) Hom^ (fi, Ti) ^ HomA<„ (afi , aTi) 

is an isomorphism of Fr— modules, and then deduce the isomorphism (|4.20p from (I4.27p . 
By adjunction, we have 

(4.28) HomA<„(afi,af2) = Homs- {^afi^fi 



12)- 



Consider the adjunction map c : (3aTi Ti- If we apply a to c, we get an isomorphism 
since a/3 = id, therefore the kernel and cokernel of c lie in Since uTi admits a V-flag, 

Hom(71, coker(c)) = by the above claim, hence coker(c) = 0, i.e., c is surjective. Therefore we 
have an exact sequence 

Homs- (71, 7i) Homs- (/3aTi,7i) Hom^- (ker(c),7^) 

Again, since ujT2 admits a A-fiag, Hom(ker(c), Ti) = by the above claim, hence we get an 
isomorphism 

Homs- (fi,f2) ^Homs- {(iafuTz) 

which, combined with (|4.28p . proves (j4.27p . 

Now we show (j4.27p implies (j4.20p . For this we need an analog of Lemma 13.3.31 Recall from 
Cor J4.6.2l that z^.'P£.,n = C.o{l{v) /2), a free-monodromic local system on Flv 

4.7.2. Lemma. The algebra homomorphism given by Y\y<:^TZ- 

End^^jV<^y ^ n End^„(^^<«.)^ = H End^JA,)^ 

v<w v<w 
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is an isomorphism after tensoring by Prac(5') over the right S -module structures. 

Proof. We do induction on w (for this we need to extend the partial ordering on W to a total 
ordering). For w = e this is obvious. Suppose this is true for 'P<^w The exact sequence 

(4.29) ^ A^{l{w)/2) =T^,!^P<^ ^ V<^ ^^<w,.T^^V<^ = 'P<w^O 
gives a commutative diagram with exact rows 

Hom(^<^, AUi{w)/2)y End(P<^)^ 

a b 

End{CMw)/2))f -n.<»End(A,(£(^;)/2))/ n.<» End(£,(^(^;)/2))/ 

The arrow 6(X)5Frac(S') is an isomorphism by induction hypothesis, therefore to prove the lemma, 
it suffices to show that a Frac(5) is also an isomorphism. Applying RHom(— , A^(£(t«)/2)) 
to the exact sequence (j4.29p . we see 

Hom(:P<^, A^(^(u;)/2))-^ ^ ker(a); 
coker(a) ^ Ext^(P<^, A^(£(w)/2))-''. 

To compute the complex RHom('P<^, Ait,(£(?i;)/2)), we write V<:w as a successive extension of 
Ay{i{v)/2) for V < w, by Cor l4.6.2l We reduce to computing Ext*(At,, A^)'^ for v < w. But 
notice that in the second part of the proof of Lemma 14.5.61 we have shown that the S S-action 
on A^ factors through the quotient 0{T*{w)) (see formula (I4.19P and the discussion afterwards), 
therefore the 5(g)S'-action on Ext*(At,, A^,)'^ factors through the quotient 0{r*{v)nT*{w)), which 
is a torsion module over either copy of S. Therefore, ker(a) (8)5 Frac(S') and coker(a) (8)5 Frac(S') 
are zero, i.e., a (8)5 Prac(5) is an isomorphism. □ 

Consider the maps 

(4.30) S S ^ ^ l[End^^{mv)/2)y ^ Y[0{T*{v)). 

v<.w v<w 

After tensoring the maps (I4.30|) by Frac(5) over the right copy of 5, we get 

S Frac(5) ^ (85 Frac(5) ^ J| 0{T*{v)) ®s Frac(5) ^ J| Frac(5). 

v<w v<w 

which is obviously surjective (on the level of spectra, this corresponds to the closed embedding of 
the generic points of the graphs T*{v) into (8fc Prac(5)). Also notice that V(72) is free (hence 
torsion- free) over either copy of S (writing 72 into a A-flag and apply Lemma l4.5.6p . Therefore 
we can apply Lemma [3.3.21 to the situation B = S S,C = ^<«, and S the second copy of 5 in 
5 (8 5 and conclude 

Horns- (fi,f2)^ = Hom,/ (a(fi)^ a(f2)^) = Hom5^5(V(fi), V(f2)) 
as Fr-modules. 

5. Equivalences 

In this section we prove the Main Theorem, i.e., the four equivalences mentioned in §0.21 
The proof will rely on the construction of DG models in Appendix [Bj We suggest reading the 
statement of Theorem IB. 2. 71 before getting into the proofs of the four equivalences. 



End(P<^)/ 
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5.1. Langlands duality for Kac-Moody groups. Throughout this section, we fix a root 
datum (X*, $, X^,, with generahzed Cartan matrix A; the dual root datum (X^,, <I>^, X*, <I>) 
has generalized Cartan matrix (the transpose of A). Let G and be the Kac-Moody groups 
over k = ¥g associated to these root data. We say that the Kac-Moody groups G and are 
Langlands dual to each other. 

5.1.1. Remark. When G is a Kac-Moody group associated to the affine root system of a split 
simple group Go, the group G^ may not be isogenous to a Kac-Moody group associated to the 
affine root system of G^oi is sometimes a twisted loop group. 

In the rest of this section, we will need to distinguish notations for G and G^. In general, 
the equivariant categories S = and = (^g,0 are for the group G, while the monodromic 
categories ^ = and = -^G^ ,B ai's for G^. In N5.3I and ^5.51 the notations will be 

further explained. 

Let H and -ff^ be the Cartan subgroups of G and G^ respectively. We identify the Weyl 
groups of G and G^ and call it W . Then there is a natural M^-equivariant and Fr-equivariant 
isomorphism 

(5.1) (FV)J ^X*®zQ£(l) = VO^v. 

Let Sh = Sym(y^) and = Sym(V//v) be (graded) algebras with Fr actions. Then (jS.ip 
gives a natural W^-equivariant and Fr-equivariant isomorphism Sjj = Sh'^. This isomorphism 
gives an equivalence of triangulated categories 

(-)' :i?perf(^H^SH,Fr) ^ D\Sh- (^Sh-^-P^) 

L ^ L\ 

5.1.2. Definition. The regrading functor is the self-functor of the category (Fr) of complexes 
of locally finite Fr-modules with integer weights: 

4> : Cf (Fr) ^ Cf (Fr) 

sending a complex L = (•••—)• —)• L*+^ ■ ■ ■) to the complex iV =(•••—)■ A^* —)■ A^*+^ —>•••), 
where 

(5.2) Arj = (r7y,Vi,jGZ. 

Here, subscripts stand for Fr-weights. Forgetting the grading, we have 

5.2. Equivariant-monodromic duality. 

5.2.1. Theorem (Equivariant-monodromic duality). There is an equivalence of triangulated cat- 
egories 

(5.3) $ = $G^Gv : ^ = = = 
satisfying the following properties: 

(1) $ /las a monoidal structure which intertwines the convolutions * and *; 

(2) There is an isomorphism of functors 9 : =^ V o <I) compatible with the monoidal 
structures of these functors; 

(3) «>(A^) ^ A^, $(V.») ^ for all w G W; 

(4) <I> sends very pure complexes of weight to free-monodromic tilting sheaves; 
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(5) There is a functorial isomorphism of {Sh^ ^ S/^v, Fi)-modules 
(5.4) <^Ext^(J-i, J-2) ^ Exf^^>J-i, $7-2)^ 

for any /"i, J-2 € S"; 

(6) For any M e D^Fi) and T eS", there is a functorial isomorphism 

^{T (g) M) ^ ^{T) ® (p{M). 
In particular, ^ o [l](l/2) = (-1/2) o ^. 
We have an immediate consequence of the Theorem: 

5.2.2. Corollary. For each w eW, let %o := ^{IC^,). Then 

(1) Tw is a free-monodromic tilting extension of and ujTw is indecomposable. 

(2) Any free-monodromic tilting extension of with indecomposable underlying complex is 
isomorphic to Tw 

Proof. (1) The fact that 7^ is a free-monodromic tilting sheaf follows directly from Theorem 
I5.2.1I| H). Since ^ 10^, (mod <^<to), we have ^ Tw (mod o^<^). Therefore 7^ is a 
free-monodromic tilting extension of C^. Finally, by ()5.4p 

End^f^)^ ^ eiezExt*^(2:C^,ZC.») 

is a Z>o-graded algebra whose degree part reduces to Q^, and End^T^) is the completion 
of Ext^^ICuj,IC^) with respect to the augmentation ideal. Therefore there is no nontrivial 

idempotent in End ^7^), i.e., ojTw is indecomposable. 

(2) Suppose T' is a free-monodromic tilting extension of with indecomposable underlying 
complex. Let C = ^^'^{T'). Then by Theorem ESTJIll) , C is a very pure complex. By Lemma 
IB. 2. 31 ujC is a direct sum of shifted IC-sheaves. But since ujT' is indecomposable, ujC is also 
indecomposable by the same argument of (1). Therefore C is a (shifted and twisted) IC-sheaf. 
Since A^ — > T (mod ^<«,), we have A^ — > C' (mod (S'<w), hence C = ZC^ and T = Tw □ 

Combining Cor l5X2l Theorem EXUHl) (© , and ProplMSl we get 

5.2.3. Corollary. For wi,W2 € W, the convolution Twi * 7^2' '^^ mixed complex, is a direct 
sum of Twin/2) for n = i{wi) + £{102) — i{w) (mod 2). In particular, if i{wiW2) = i{wi) + i{w2) , 
then Tw-t_w2 a direct summand of Twi * Tw2 with multiplicity one. 

The following observation will be used in establishing the parabolic- Whittaker duality. 

5.2.4. Corollary. // G is finite dimensional, let wq be the longest element in the Weyl group W 
and recall the object V defined in the §.<^.g| (in this case it is an honest object of S^). Then 

fw, = V{-e{wo)/2). 

Proof. By Theorem 15.2.1 ti2]) . we have <I'(Q£) = V because the functors they represent (H and V) 
are intertwined under <I>. Therefore by Theorem l5.2.1l ![6]l. 

fw, = HiCw,) = HqMwo)mwo)/2)) ^ ^Q,){-£{wo)/2) ^ V{-£{wo)/2). 

□ 
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The rest of this subsection is devoted to the proof of Theorem I5.2.1I First we need to pick 
generating objects of the categories S" and ^ . 

For each simple reflection s, by the calculation in Appendix O Lemma ICll and IC.21 we have 
a free-mono dromic tilting sheaf Ts G ^<s, and we have an isomorphism 

: (H,)^ := n{lCsY ^ V, := V(f.). 

We fix such an isomorphism for each s G S. For each w £ W, fix a reduced word expression 
w = • • • , Smiw)) where m = i{w). We define 

B B 

ICw := ICg-^i^yj) * • • • * lCs^f^w)\ ■= H(XC;u^); 

%l'-=^s^{w)^ ■ ■ %^{w)^ := V(ICtt^). 

By Prop i3?23] and Prop lTSTil XCw is very pure of weight and 7^ is a free-monodromic tilting 
sheaf. The isomorphisms {Os\s G S} (together with Prop I^TXT] and B:.6.4|) induce an isomorphism 

(5.5) : (MJ^ ^ V^. 

5.2.5. The DG models. We are going to define algebras and bimodules which control the cate- 
gories S<_w and ^<uj and their respective embeddings for w < w' . For w < w' , define: 

^tw ■■= ExtJ(XC^,ZC,). 

u<w' ,v<w 

We write E_^^ for the opposite algebra of E^^. Then is a (E|<^/,^<^)-bimodule. Each 

TCv_ {y < w) gives an (^<^, Fr)-module C<w,v = Ext* (ZC^ , 2^^^) ■ We emphasize that we 

view as a plain algebra with Fr action (placed in degree 0), not as a dg-algebra with the 
natural grading. Applying Theorem IB. 2. 71 to the triple {'f<w C (o^^, {ZCu\u < w}), we get an 
equivalence of triangulated categories 

(5.6) ^l?pcrf(^<„„Fr) 

where the RHS is the full triangulated subcategory of L'^(-E<;^, Fr) generated by twists of {C<w^y\v < 
w}. 

Similarly, we define: 

Mg':= Hom^f.,f.)^ 

u<w' ,v<w 

and M<^ = (M|^)°pp. For each v <w,Tv gives an {M.<w^ Fr)-module T<w^^ := ®u<w Hom(7^, Tv)^ . 

Applying Theorem IB. 2. 71 and Remark lB.5.2t o the triple {,'^<w C ^<w, {Ty\v < w}), there is an 
equivalence of triangulated categories 

(5.7) ^<u, ^ i?pcrf(M<^, Fr) 

where the RHS is the full triangulated subcategory of -D^(M<^,Fr) generated by twists of 
{T<w,v\v < w}. 
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5.2.6. Construction of ^. We first construct an equivalence ^<u] : (§'<w — > •^<w for each w € W . 
According to tlie equivalences (|5.6p and (|5.7p . it suffices to give an equivalence 

$'<^ : Z)perf(^<^,Fr) ^ I?perf(M<^,Fr) 

By Prop l3?L5] and Prop lTSTTl we have 

(5-8) Ef^= Hom^^^^^(]H^,]H„) 

(5.9) M^^= Hom5v^sv(V«,V„). 

n<ui',D<ui 

The isomorphisms {Qw\w € 14^} in (15. 5p give a Fr-equivariant isomorphism of algebras: 

(5.10) ^^^^M<^. 

For a complex of (-E<^, Fr)-module L = (•••—> ^ —;>•••), we define $<^(L) to be the 
complex L^, which is a complex of (M<^, Fr)-modules via the isomorphism (j5.10p . This gives 
the desired equivalence $<^. 

By Prop lB.3TT| the embedding i^^w',* '■ <^<w ^ S'<w' corresponds to the functor 

-Dperf (^<^ , Fr ) ^ -Dpcrf (^<^' , Fr ) 
Similarly, the embedding?^ : ^ ^<w' corresponds to the functor 

£'perf(M<^,Fr) ^ £'pcrf(M<^',Fr) 

The isomorphisms in (15. Sh . ()5.9p and (I5.10p give an isomorphism $<^/(^^^ ) — f M.<Z 
(M^^,/, M^^,)-bimodules. Therefore the embeddings iw,w',* andT^^^'^* are naturally intertwined 
under ^<w and ^<w'- Passing to the inductive 2-limit, we get an equivalence of triangulated 
categories $ : (f ^ 

5.2.7. Verification of the properties. Property ([6]). Suppose T G (f<^ corresponds to the {E_<w^ Fr)- 
complex N under the equivalence ()5.6p . Then for a Fr-module M of weight i, J-®M corresponds 
to M[i] under the equivalence (|5.6p (this follows from the construction in Theorem IB.2.7p . 
Then ^*<^(A C5 A'/[i]) = (8) -/Vf^[i], which corresponds to ^{J-) ® Af^[i] under the equivalence 

Property ([5]). By Lemma lB.4.31 and Lemma lB.5.11 we have 

Exf(7-,7-'H)^,, ^ Hom(cl>(7-),ci>(7-')W)^. 

On the other hand, 

©j(</.Exf(7-,.F'));- = ejExt^-J(7-, J^')-j = ^om{F,F'[i])l^,. 

Combining these two identities, we get (15. 4p . 

Property ([3]). The isomorphisms {^t,} give an isomorphism of (M<^, Fr)-modules 

C<w,v — ^ T<y,^^,Mv < w. 

Therefore $(XC^) ^ 7^,. 
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Consider the following diagram 

(5.11) <^<w ^ '°<w ^ tS^n 























<W 





By construction, the functors and are equivalences and there is a natural transforma- 
tion making the left square commutative (we did not construct <I><io explicitly, but it is from the 
same construction of by comparing the algebras E_^^ and M_^^). Since the two rows in 
the diagram (jS.lip are short exact sequences of triangulated categories, there is (an essentially 
unique) equivalence : — > (the dotted arrow in the diagram (jS.lip ) with a natu- 
ral transformation making the right square commutative. This implies that there are natural 
transformations intertwining the adjoints of i*^ and z^; i.e., there is a natural transformation 
intertwining i^^i andz^^i; there is another natural transformation intertwining 1,^,^^, andTi„^*. Note 
that 

Therefore we have isomorphisms $(A^) — > and <&(Vu;) — > V«, coming from the isomorphisms 
<5(ZC^) ^ Tt,. 

Property (jH). Note that the class of very pure complexes are 

(A^(0)|Tz;GVF)n(V^(0)|i«E W) 

while the class of free-monodromic tilting sheaves are 

(A^(?)|w;G VF)n(V^(?)|w;€ VF). 

These two classes of objects correspond to each other under $ by Property ([6]) and ([3]). 

Property ([T|). This requires the construction of a monoidal structure of Fix w^w' such 
that t{w) + l{w') = £{ww'). We define an {E_<ww'^^<w (8) ^<^/)-bimodule 

Q<w,<w' '■— Ext^(XC„, IC^ * XC-y/) 

u<ww' ,v<w ,v' <w' 

= Hom5^^^^(]H^,]H,®5^M,0. 

u<ww' ,v<w ,v' <w' 

Similarly we define an (M^^,^^,/, M^^, (g) M<^/)-bimodule 



R<w,<w' ■= Hom^T^,?; * T^')-^ 

u<ww' ,v<w ,v' <w' 

^ Hom5^,555^,(V„,V,®5^, V,0. 

u<ww' ,v<w ,v' -Cw' 

They carry natural Fr-actions. 

By Remark lB.3.2|, the transport of the convolution * to -Dpcrf(:^<iu) Fr) given by the functor 
^porf (:E<^ , Fr) X Dpc,i{E^^, , Fr ) ^ Dp^AK^^^, , Fr) 

(L,L) Q<w,<w' (S>(E^^(i^E^^,) {L(S> L). 
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Again by Remark IB.3.2[ the transport of the convolution * to Upprf(M<-„,, Fr) is given by the 
functor 

^pcrf (M<^ , Fr ) X Dpcrf (M<^, , Fr ) ^ ^^pcrf (M<^^' , Fr ) 

{N,N') ^ i?<«,,<«,' S(M<„®M<„,) (^®^')- 
The isomorphisms {6uj\w € W} give a Fr-equi variant isomorphism 

Q <w,<w' ~ ^<W,<'W' 

which intertwines the (£|<^^/,^<;^®E|<^/)-bimodule structure on Q<w,<w' and the (M<^^', M<^C 
M<;^/)-bimodule structure on R<w,<w'- This isomorphism gives a natural isomorphism making 
the following diagram commutative: 

B 

WW' 



U 

X ^/^<^' ^ •^<WW' 

To check that these natural transformations are compatible with the associativity constraints 
essentially reduces to the following identification (we omit the details here) 

Ext J (XC„,XC^ f lC,j, * TC^>Y ^ Hom^?;, %*%> * fy-'Y . 

Passing to the inductive 2-limit as w' run over W , we get the required monoidal structure of 
$. 

Property Define 



H<^ := 



v<w 



Using dSSI), H< ^ can be viewed as a right ii/<-„,-module (compatible with the {^Sh »S'_H',Fr)- 
module structure). Similarly, using ()5.9p . we define a right M<^-bimodule 

y<n, ■■= 0v,. 

v<w 



L 



The transport of the functor H on Dpcrf(£!<^, Fr) is given by L iH' H<yj <S^e^^ L; the transport 

L 

of the functor V on -Dperf (il^<un Fr) is given by i-^ V<uj ®M<^ A. Using {9w\w G W}, we get a 
Fr-equivariant isomorphism -ff<^ — > V<^ intertwining the right ^<^-structure and right 
structure (hence also intertwining the Sh ^ S^-structure and S^/v (g) Sji/v -structure). Therefore 
we get an isomorphism 9 : =^ V o $ by passing to the inductive 2-limit. It is easy to check 
that 6 is compatible with the monoidal structures by using the explicit dg-models. 
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opp 



5.2.8. Remark. In the sequel, it is convenient to use two more "compact" algebras as dg-models 
of ^ and ^ . Let 

(N^ opp 
ExtKlC„,XC,) 
u,v<.u> 

(5.13) M<„, := Hom^?;,?;)^ 

\u,v<w 

Then Theorem IB. 2. 71 again gives equivalences 

S'<w — > -Dporf(-E'<ui, Fr); 
^ -Dpcrf(M<^,Fr). 

5.3. Koszul "self-duality". Consider the category = D^^{U\G/B), the derived category of 
left-C/-equivariant mixed complexes on = G/B. Recall vr : Tl Ti is the projection which 
induces 7r| : ■ By Lemma [A.7.3( for each w G W , Tw ■= t^^Tw a tilting extensions 

of Q£[£{w)]{£{w) /2) on Ti^ whose underlying complex is indecomposable. On the other hand, 
we have the forgetful functor Forg : S'q — >■ by forgetting the left-S-equivariant structure on 
objects in S'g- For w €W, we still write IC^ e for Forg(XC^). 

Now consider the category := D^{B'^\G'^ /U'^), the derived category of right- C/^-equivariant 
mixed complexes on Now the situation is identical with after interchanging left and 

right, G and G^. To distinguish objects in ^ & with objects in we usually add a (— )^ to the 
objects in e.g., the indecomposable tilting sheaves € and IC-sheaves XC^ € ^ etc. 

The theorem below is not really a self-duality, because the category is defined in terms of 
G while is defined in terms of G^. In Remark 15. 3. 2t we will explain in what sense it becomes 
an involutive self-duality. 

5.3.1. Theorem ("Self-duality"). There is an equivalence of triangulated categories 

^ : := L»i(S^\G^/C/^) ^ Dl{U\G/B) =: # 
satisfying the following properties: 

(1) ^ can be given a structure to intertwine the ((^Cj^cJ-b'ii^odule category structure on 

(given by convolutions) and the (^g^ ,i§Gy )-himodule category structure on Si'^ (given by 

convolutions) via the equivalences ^g-i-G'-' '■ ~> ^g'^ ^.^d ^G'^-^G '■ ^G'^ -^G in 
Theorem \5.2.1[ 

(2) ^'(A:^) ^ A^, ^(V;^) ^ for all w G W; 

(3) ^'(XC^) = Tu,,'^{T^) = TCy, for all w eW. More generally, * interchan ges very pure 
complexes of weight and tilting sheaves; 

(4) There is a functorial isomorphism of {Su^ ,Yv) -modules for any T\^Ti G 

(/) Extt^ ( J-i , J2 ) = Ext^t (^-^1 , ^-^2 ) 

(5) The analog of Theorem \ 5. 2.1^ ) holds for ^ . 

Proof. We first build DG models for Let C be the full subcategory of mixed tilting 
sheaves. The twists of {Tw\w G W} C generate the triangulated category Define 

\ opp 

^<w--= I Hom^t (r.,r.) 

\ u,v<w 
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Applying Theorem 16^2^7] to the triple {^^<iii C &^<w, {Tu\u < w}), we get an equivalence 

(5.14) ^I)perf(A4,^,Fr) 

where the RHS is the full subcategory of D''(M^^,Pr) generated by twists of the (Mj^^,Fr)- 
modules ©„<^ Hornet (T^j, 71,) for v < w. Recall the definition of the algebra M<^„ in (j5.13p . 
Below we use Mg,<w to emphasize its dependence on G rather than . Then Lemma lA.7.41 
gives a Fr-equivariant isomorphism of algebras 

(5.15) MG,<n,®s„Qi = Ml^. 

On the other hand, let C be the full subcategory of very pure complexes of weight 0. 
The twists of {ICw\w G W} C generate as triangulated category. Define 

\ opp 

4-^= I © Ext^t(^C„,XC,) 

\u,v<w 

Applying Theorem IB.2.71 to the triple {"f^^ C i^^<«,, {ICulu < w}), we get another equivalence 

(5.16) ^Z)perf(4«,'Fi') 

where the RHS is the full subcategory of D^{eI^^, Fr) generated by the twists of the (£'<^,Fr)- 
modules ©tj<^ Ext^i (XCtj,ZC^) for v < w. Recall the definition of the algebra in (j5.12p . 
Again we write Eg,<w to emphasize its dependence on G. By Cor lB.4.2] (the isomorphism (jB.Sp ) 
and Lemma 13.1.41 (which implies Eg,<w is a free left S/z-module) , we have a Fr-equivariant 
isomorphism of algebras 

(5.17) Q, i?G,<«, = 4-- 
Next we define the DG models for ^ ^. We define 



opp 



1 u,v<w 

. opp 

^E<^:= I Ext;^(XC:;,IC:;) 

\u,v<w 

Similar to the case of we have equivalences 

(5.18) Z)perf(tS<^,Fr) A t^^^ ^ L)perf(^M<„,Fr). 
We also have Fr-equivariant isomorphisms of algebras 

(5.19) ®5^v ^Gv,<^ = ^M<^; 

(5.20) ^Gv,<^ ©s^, = ^E<y,. 
Note that 

= Sym'(V^v)^ = Sym(VH) = Sh- 
By Theorem 15.2.11 we have isomorphisms 
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By (|5.15p . ()5.17p . (|5.19p and ()5.20p . we get Fr-equivariant isomorphisms of algebras 



<W 1 



which, together with the DG models (I5.14p . (I5.16P and (jS.lSp . give equivalences 

(-Y 



<w 



Dp,,{{E{^,Fi) i^perf(tAf<^,Fr) 
Passing to the inductive 2- limit, we get equivalences 

We check the properties. 

Properties ^ and ([5]) for both ^ and H are verified as in Theorem I5.2.1[ 



Claim. There are natural isomorphism H o ^1/ 
inverse functors. 



idt A* and ^' o H idg^t making (^, H) a pair of 



Proof. We prove the first isomorphism. The argument for the second is similar. Since the 
Properties ([2]) ([5]) are satisfied by both \I' and H, the functor H o is an t-exact self-equivalence 
of under the perverse t-structure (because ^ ^-'^ and ^^-^ are characterized by (At,[< 0](?)) 
and (V^[< 0](?))). Therefore S o $ sends IC-sheaves to IC-sheaves. By Property ([2]), we must 
have 3^{IC'^) = IC'^. In view of the first equivalence in (jS.lSp . the transport of H o on 
-Dpcrf(-E<^, Fr) is given by the identity functor by Prop lB.3"Tl Therefore we get an isomorphism 
Eo\i) ^ idt^. □ 

Property ([3]). It is obvious from construction that ^'(ZC^) = Tw and H(ZC^) = 7^. Since ^' is 
an inverse of E, therefore ^-(7;^) ^ = XC^. The argument for Theorem [5211111) shows 

that both ^ and E sends very pure complexes of weight to tilting sheaves. Since ^ and E are 
inverse to each other, ^ must interchange very pure complexes of weight and tilting sheaves. 

Finally we verify Property ([T|). The argument for Theorem I5.2.1I |T]) shows that: ^ has a 
structure intertwining the left-tf^v -module category structure on and the left-^c-module 
category structure on and that E has a structure intertwining the right-toG-module category 
structure on and the right-^^v -module category structure on Since ^' and E are inverse 
functors. Property ([1]) is proved. □ 

5.3.2. Remark. When LieG is a symmetrizable Kac-Moody algebra, we can replace by G in 
Theorem 15.3.11 and get an equivalence 

■■ Dl{B\G/U) ^ Dl{U\G/B) 

Let inv : Dl^{U\G/B) ^ Dl^{B\G/U) be the equivalence induced by the inversion map of G, 
then inv o becomes a "self-duality" of D'^{B\G /U). Further argument shows that inv o 
is involutive: (inv o ^'g)^ is isomorphic to the identity functor. 
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5.3.3. Remark. By Theorem 15.3.11 the perverse t-structure on is transported by ^ to the 
fohowing t-structure ^^-^ on 

is a complex of weight > 0}; 
is a complex of weight < 0}. 

The irreducible objects in the heart of this t-structure are precisely weight-0- twists of TL. If we 
transport the characterizing properties of IC-sheaves to any irreducible object T in the heart of 
the new t-structure on , we see that T satisfies 

For any w G W, i*^T has weight> and v^T has weight< 0. 

This is precisely the "Condition (W)" observed in }jY09\ §1.3] by the second author, which 
served as a guiding principle in the study of weights of mixed tilting sheaves. In particular, 
Theorem 15.3.11 implies that the condition (W) holds for indecomposable mixed tilting sheaves 
on the flag variety of any Kac- Moody group. Using Theorem 15.3.1 tp]) . we get a simple relation 
between the multiplicities of standard sheaves in XC^ and in Tw , and we conclude that the "weight 
polynomials" of Tw (cf. |Y091 §3.1]) are essentially given by Kazhdan-Lusztig polynomials. This 
gives a generalization of \Y09\ Theorem 1.2.1]. 

5.4. Parabolic- Whittaker duality. 

5.4.1. Theorem (Parabolic- Whittaker duality). For each Q C T, of finite type, there is an equiv- 
alence of triangulated categories 

<I>0 : = (^G,e — > -^Gv,e =: -^e- 
satisfying the following properties 

(1) <I>e can be given a structure to intertwine the right convolution of S' on S'q and the right 
convolution of on (via the equivalence <^ : S ^ ^ in Theorem \ 5. 2.1]) : 

(2) There are natural isomorphisms which intertwine the adjunctions 13. 1\} and ^.9{ ) via the 
equivalences and <I>; 

(3) $e(Aw) = A^,x arid ^e (Vw) = ^w,x for all w £ WeXW ; 

(4) The analogs of Theorem [JXTMl) (l5]) (IBD hold. 

As in the case of Theorem l5.2.1l we have some immediate consequences. 

5.4.2. Corollary. For each w € [VFe\T^], let fw,x ■= ^ei^Cj^)- Then 

(1) 7itJ,x a free-monodromic tilting extension of C^^x whose underlying complex is indecom- 
posable. 

(2) Any free-monodromic tilting extension of Cw,x with indecomposable underlying complex is 
isomorphic to %o,x- 

5.4.3. Corollary. For any w € {VFe\VF}, we have isomorphisms 

(5.21) 7r®'*XCw[^e](^e/2) = XC^ T,^:-ze^[-iQ]{^-i^/2) 

(5.22) Avp7^,^(-^0/2) ^ % =Avf%x{^e/2). 

Proof. The isomorphisms (j5.2ip follow from the fact that TT® is smooth of relative dimension Iq ; 
the isomorphisms (j5.22p follow from (j5.2ip by Theorem 15.4.11 and Theorem 15.2.11 □ 

5.4.4. Corollary. For lu G W, the mixed perverse pro- sheaf Av'^Tw is a direct sum o/ 7i?,x('^/2) 
for n = £{w) — £{v){mod 2). In particular, for w G [We\VF], lw,x ^•^ ^ direct summand of Av®Tw 
with multiplicity one. 
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The rest of this subsection is devoted to the proof of Theorem 15.4. 1[ 

Recall wq is the longest element in Wq. Sometimes in a complicated symbol we write Q for 
we, e.g., we abbreviate ICwq by ICq, Y{Twq) by Ve, ^uie ^9' R-^call the object Ve from 
(j4T5]l . Applying Cor iKXil to G = Le we get an isomorphism Ve = 7e(^e/2). By Remark [3X8] 

^ ^ ^ 

and 14.4. 12] Ce = XCe[— ^e](— ^e/2) is a coalgebra object with respect to * and Ve = Te{f-e/'^) 
is a coalgebra object with respect to 1 

5.4.5. Lemma. For each C S of finite type, there is a unique isomorphism fie ■ ^(Ce) — -> Ve 
which is a coalgebra isomorphism (Here $ is the equivalence in Theorem \5.2.1\) . 

Proof. Start from any isomorphism /3q : <I>(Ce) — Ve (which exists because ^{XCe) = Te). 
Observe that 

Ce*Ce = H*{Le/Ne)®Ce. 

Therefore 



hom^(Ce,C0 * Ce) = \iom.g{Ce,H*{Le/Ne) ®Ce) = hom^(Ce,C0; 



Equivalently, 



homs<$(Ce),P0 * T^e) 



This means the diagram of co-multiplications 

(5-23) $(C©) $(Ce f Ce) H^e) * ^(Ce) 



~ ~ u ~ 

Ve ^ Ve * Ve 

is already commutative up to a nonzero scalar. Hence there is a unique nonzero scalar multiple 
/3e of /3q making the diagram ()5.23|) commutative, i.e., Pe commutes with the co- multiplications. 
In particular for = 0, is the unique isomorphism $(5) — > 5 which preserves the structures 
of 5 and 5 as the unit objects in the monoidal categories and ^ . 

We check that fie also intertwines the co-unit maps e : Ce ^ ^ and e' : Ve ^- Again, we 
verify that 

hom^$ (Ce ) , 5) = hom^ (Ce , 5) 

= hom^^^ (f:Ce, 5) = hom^^ (Q^, Q^) = Q^. 

Therefore e' o fie = A/30 o e for some A € Q^^ . On the other hand, the compatibility between 
co-multiplication and co-unit maps give 

(e * id) o /i = id : Ce Ce; 
(e' * id) o ^' = id : Pe ^ Ve- 

Since fie already intertwines /i and /i', we see from the above identities that A = 1, i.e., fie also 
intertwines e and e' . This completes the proof. □ 

For /"i, J-2 ^ y <Z S (very pure of weight 0), let % := ^{J^i) G C ^ be corresponding 
free-mono dromic tilting sheaves. By adjunction and Lemma 13.2.71 we have 

ExtL(7rf7-i,7rf 7-2) ^ ExtJ(vr®'*7rf T^i, J2) = Ext^Ce * -^1,7-2). 
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On the other hand, by adjunction and Lemma I4.4.11l f3). we have 

Hom^^(Av®fi, Av®f2) = Hom^AvpAv®fi, Ti) = Hom^Pe * fi,f2) 
We have an isomorphism given by Theorem 15.2.1 lls] ) . 

ExtJ(Ce * Fi,F2Y ^ Hom^^e * fi, fa)^, 

hence an isomorphism 

J2) : Ext^^(7rf J-i,7rf ^ Hom^JAv^fi, Av^fa)^. 
5.4.6. Lemma. The following diagram is commutative 

ExtJ(^i,J-2)^^ 
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ExtL(vrf7-i,vr?J-2)J 



Hom^Ti, — Hom^JAv^Ti, Av^Ts)^ 

Proof. By the construction of ijj{J^i,J^2), the commutativity of the above diagram is equivalent 
to the commutativity of 



(5.24) 



u 



adj. 



/3e 



Ve*Ti 



AvPAv^Ti 



I 

fi 



In this diagram, the composition of maps in the rows are given by ^(e) * id and e' * id (recall 
e and e' are co-unit maps for Cq and Ve). Since I3q intertwines the co-unit maps, the diagram 
(j5.24p is commutative. □ 

5.4.7. Lemma. The isomorphisms ^(— ,— ) are compatible with compositions. More precisely, for 
J-i , i = 1,2,3, we have the following commutative diagram 



(5.25) 



e ■ 



V'(^l,-^2) 



Exf(7r?J-i,7r?J3) 



Hom(Av®r2, Av^Ts)^ Hom(Av®ri, Av®r2)^ Hom(Av®ri, Avf Ts)^ 

Proof. We verify the case of degree maps, i.e., maps in Hom(7r® J^j, vr® J-'j). The argument for 
the general case is similar. 

For a map a : TrfT — )■ irfT', we write a* for the map Cq * J' = 7r®'*7r®J^ — > T' induced 

by adjunction. Similarly, for a map 7 : Av®T — ?> Av®T,, we write 7* for the map Vq * T = 

AvfAv^T — )■ T' induced by adjunction. Consider the following composition of maps 

TT^, >1 5- TT^ -/-2 5- VT^ -/"S- 

Then we can write (02 o ai)^ as the composition 

B /i,*id B B idf a* B a* 

Ce * -/^i > Ce * Ce * -/^i ^ Ce * J2 — ^ -^3 • 
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On the other hand, let 



be the corresponding maps under —). Then we can write (72 o 71)* as the composition 

~ c/ ~ ^^''iid ~ u ~ u ~ idV, ^ u ^ ^ 
Vq * Ti Ve * Vq * Ti > Ve * 12 — > 13. 

In view of the definition of ip{—,—), the commutativity of the diagram (j5.25p follows from the 
fact that [Sq : ^{Cq) = Vq intertwines the co-multiplication structures and fi', which is proved 
in Lemma 15.4.51 □ 

Proof of Theorem \5. 4 ■![ For each w € VF0\VF, define an algebra with Fr-action: 

\ opp 

Ee,<w ■= ^ Ext*Q(7rfXC„,7rfXC^^ 

Applying Theorem IB. 2. 71 to the triple {'fis C S'e, {irflC^\v € [W0\iy]}), we get an equivalence 

(5.26) S'e,<w ^ DpcriiEe,<w, Fr) 

where the RHS is by definition generated by twists of the {Eq^<j;[j, Fr)-modules ®ue[We\W],u<iu 
for V e [We\W^],?; < w. 

Similarly, define another algebra with Fr-action: 

. opp 

Me,<w-={ Hom^^(Av®7;,Av®7;)^ 

Applying Theorem EH] to the triple (^e C ^e, {Av^fv\v G [t^e\VF]}), we get an equivalence 

(5.27) ^,<w ^ L'pcrf(Me,<^, Fr). 

where the RHS is by definition generated by twists of the (Me,<«j, Fr)-modules (Bue[W0\W],u<w 

Hom^^(Av®r„,Av® 

for V G [We\W^],?^ < w. 

The isomorphisms ip{XCu,TCv) give an isomorphism 

n , f G [ Wq \W],u,v<w 

By Lemma l5.4.7t this is an algebra isomorphism, which induces an equivalence 

^e,<«J : -Dpcrf(^0,<i;j, Fr) ^ L>porf(M0x^, Fr). 
sending L ^ L^. This, together with the equivalences (|5.26p and (|5.27|) . induces an equivalence 

^e,<w ■ 'S'e,<w — •^e,<w- 

Passing to the inductive 2-limits, we get the desired equivalence <I>e- 
We verify the properties. 

Properties ^ and @ are proved similarly as in Theorem 15.2.11 

Property ([2]). We only need to construct a natural isomorphism Av® o $ => $0 o vr®, and 
the other natural isomorphisms Av® o $ o tt®'* and Av® o $0 =^ $ o 7r@ follows from the 

adjunctions. For each w £ W, we define the (-E©,<w; -E'<«;)-bimodule 

n0,<^:= ExtJg(7rfXC„,7rfXC„). 

jiG [We \ W] ,u<w,v<w 
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Similarly, we define the (Me <:u7, M<i„)-bimodule 

^e,<-:= Hom^^(Av®7;,Av®7;)^. 

uG [H/q \Vy] ,u<W,v<w 

By Prop JB.3TH the transport of vr® as a functor Z)pcrf(-E<iu, Fr) — )• L)pcrf(-Ee,<«); FY) takes the 
form 

L 

while the transport of Av® as a functor Z)perf(M<^„, Fr) — > Z)perf(Me,<?ij, Fr) takes the form 

L 

N ^ Aq^<^ 0e^^ N. 
By Lemma 15.4.61 and Lemma 15.4.71 the isomorphism 

^p{ICu,ICv) : LIq <^ ^ ^e,<-!« 

nG[iyQ\iy] ,Tr<«J,t;<ui 

intertwines the (£'0^<^, i?<^)-bimodule structure on n0^<^u and the (Me,<ui, M<^)-bimodule 
structure on Aq^<:w Therefore this isomorphism induces a natural isomorphism Av® o <1) ^ 

Property ([T]) . The verification is a combination of the argument for Theorem 15.2. ll fT]) and the 
Property ([2]) above. The essential step is to verify that for w G [Ty0\VF],if' € W such that 

i{ww') = l{w) + £{w'), the isomorphism 0^(XCu,XC^, * ZCy/): 

Ext^3 (vrf TC„, vrf XC, * XC,,)' ^ Hom^^ (Av®fn, Av®f. * 

(where the direct sum is over {n, v € [We\VF], v' € W\u < ww',v <W,v' < w'}) intertwines the 
(ii^exuju,/, £'0^<:u7(8)£'<u,')-module structure and the (Me,<^^', M0^<:u7(8)M<^„/)-module structure. 
Details are left to the reader. □ 

5.5. "Paradromic-Whittavariant" duality. Fixe C E of finite type. Let ■= D^{{U®Uq,x)\G/B) 
be the derived category of (Ve, x)-equivariant mixed complexes on Tic = G/B, which we call 
the "Whittavariant" category, by transplanting the words "Whittaker" and "equivariant" . 

On the other hand, let ^^0 := D!^(Pq\G'^ /U^) be the derived category of right ?7^-equivariant 
mixed complexes on the partial fiag variety qFIq^ = Pq\G^ . Since objects in ^^0 are auto- 
matically monodromic under the right i7-action, we call ^^0 the "paradromic" category, by 
transplanting the words "parabolic" and "monodromic" . 

Just as we deduced the self-duality from the equivariant-monodromic duality, we can also 
deduce the following theorem from the parabolic- Whittaker duality. We omit the proof. 

5.5.1. Theorem (Paradromic-Whittavariant duality). Let C S 6e of finite type. Then there is 
an equivalence of triangulated categories 

^0 : s::^ #Q 

satisfying the following properties: 

(1) ^'0 can be given a structure to intertwine the right convolution of ^g"^ on ^^0 and the 
right convolution of S'g on ('^'i'O' the equivalence ^ : S^g — ^ Theorem \5.2. 
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(2) There are natural isomorphisms which intertwine the following adjunctions (which are 
defined in a similar way as the adjunctions liS. 1\) and i4-9{ )) 



Avf 



(3) ^ei^l) = Aw,x and ^e(V^) ^ V^,;, for all w G We\W; 

(4) ^0(XC^) = Tw^x ■~ ^t'^:X- More generally, ^'e interchanges very pure complexes of 
weight and tilting sheaves; 

(5) The analogs of Tfeeorem [XXTMD (l5D hold. 

5.5.2. Corollary. 

(1) For w € {VFe\W^}, we have isomorphism 

7r®'*ZCw[^e](£e/2) = ZC^, ^ ^®'!xC^[-^e](-^0/2) 
Avp7^,;,(-£©/2) ^ r„, ^ Avf 7^,^(^e/2). 

(2) For w E [l/l7e\M^], T^fT^ ='■ is a tilting extension of the constant perverse sheaf 
^ {w)]{i{w)/2) on {PeXG"^)!!! and coTw is indecomposable. For w ^ [We\W], irfT^ = 



0. 

,6' 



(3) For w E [VF0\VF], Av^IC^ =: 10^^^ is the middle extension of the simple perverse 
{Uq , x)-e<iuivariant local system Cw,x {G / B)^^^^. For w ^ [14^0\1^], Av^TC^ = 0. 



(4) *e(r^)=xc. 



Proof. (1) is proved in the same way as Cor l5.4.3l 

(2) follows from |Y091 Prop.3.4.1]. In particular, also satisfies the condition (W) mentioned 
in Remark 15.3.31 

(3) Note that by Theorem ESU© and Theorem EXD® , 

Av®ic^ ^ Av®*(rj) = ^e(vrf rj). 

For w i [VF©\VF], ^eK®r;f) = by (2). For w E [VFeW], we have ^e(vr?rj) ^ ^-0(7^) 
by (2). Since cjT^ is an indecomposable tilting sheaf, w^'0(7^) is an indecomposable very pure 
complex, i.e., \I'e(7^) is a shifted and twisted IC-sheaf. Since — \ (mod ^^e,<ui)) we have 
^w,x — ^ ^©C^) (mod ^^0,<ui), therefore ^e(7^) is the middle extension of Cw,x- 

(4) fohows from (2) and (3). ' □ 



APPENDICES 

by Zhiwei Yun 

Appendix A. Completions of monodromic categories 

The goal of this appendix is to make rigorous the procedure of "adding free- monodromic objects 
to the category of monodromic complexes" . 
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A.l. Unipotently monodromic complexes. Let k be an algebraically closed field. Let A be 

an algebraic torus over k and X be a right yl-torsor over a scheme Y over k. Let tt : X ^ Y he 
the projection. 

A. 1.1. Definition. The A-unipotently monodromic category of the torsor vr : X — t- y is the full 
subcategory of D'^{X) generated by the image of vr- : Z)^(y) ^ D^^{X) (or equivalently tt*). We 
denote this full subcategory by D^{X A), and its objects are called unipotently monodromic 
complexes. 

Note that D'{X y A) inherits the perverse t-structure from D^^{X). We denote its heart by 
P'{X /A). 

Let r = dimj4. We use (7r-|-,7r^) to denote the adjoint pair (7r![r],7r'[— r]). Note that under the 
perverse t-structures, vr^ is t-exact and tt^ is right t-exact. 

In |V83j ■ Verdier studied the monodromic complexes in the case A = Gm and X is a cone over 
Y . His argument extends to any split torus A. Verdier's notion of monodromic complexes allows 
arbitrary tame monodromy along the fibers of vr whereas our category D'^^{X y A) only allows 
unipotent monodromy. Verdier's construction of the canonical monodromy operator in |V83l §5] 
applies to our situation: for each object F G y A) there is an action ^{F) of the tame 

Tate module of T*'{A) = \^^^^^_^A[n] on the underlying complex ujF. For F € D\{X y A), 
this action necessarily factors through the ^-adic quotient Ti{A), and gives: 

^l{F) : T,{A) ^ kntx{F). 

It is shown in loc.cit. that these operators commute with all morphisms in D'^^X A). Since 
F has unipotent monodromy along the fibers of vr, the operator fJ,{F) is unipotent. Therefore it 
makes sense to take the logarithm of f-i{F) and get a morphism in D^(X A): 

m{F) := log(^(J-)) -.Va^F^F. 

where Va = Ti[A) Q^. These logarithmic monodromy operators also commute with all 
morphisms in D\{X / A)., and D\{X / A) becomes a category enriched over S = Sym(yA)- 
modules. 

Our goal is to enlarge the category D\(X / A) to a category I)\[X / A) C ^roD\[X / A), 
by adding certain pro-objects called "free-monodromic " objects. The prototypical example of 
such a free-monodromic objects is the following. 

A. 1.2. Example. Let y = pt and X = A. We will construct a pro-object in the category of 
unipotently monodromic local systems on A, called the free-monodromic local system. Recall 
that a Q^-local system on A is given by a finite dimensional continuous Q^-representation p of 
■Ki{A,e). Such a local system is unipotently monodromic (i.e., being a successive extension of 
sheaves pulled back from D^(pt)) if and only if it is unipotent and hence factors through the 
£-adic tame quotient 

7:i{A,e)^4{A,e)^Te{A). 

Let Cn be the local system on A given by the representation p„ = Sym(VA)/(V^'''^), on which 
an element t € Ti{A), viewed as an element of Va, acts as multiplication by exp(t). Let 

Z := " ^ G proD^(^ / A). 

This pro-object is a typical example of a free-monodromic local system. 
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Let S = lim^ SymiVA) / (V^^^) . It is easy to see that we have an equivalence 

Dl{A/ A) ^ Z)^(Mod^''(5)). 

Here Mod'^'^S') stands for the abehan category of finite dimensional S-modules. The free- 
monodromic completion would be 

D''^{A/ A)^ D\S), 

of the bounded derived category of all finitely generated S-modules. If we normalize the equiv- 
alence so it is t-exact with respect to the perverse t-structure on the LHS and the natural t- 
structure on the RHS, then under this equivalence, the pro-object C[r] G D'^{Ay A) corresponds 

to the free module S G D^{S). 

A. 1.3. Example. To better understand the situation, we consider the case Y is smooth and k = C. 
Then there is a parallel story for holonomic Px-modules instead of constructible complexes, linked 
to each other via the Riemann-Hilbert correspondence. 

We recall some basic construction of [B B931 §2.5]. A weakly A-equivariant Px-module is a 
quasi-coherent sheaf A4 on X with a Px-action together with an ^-action such that the action 
map Vx 0Ox M ^ M is A-equivariant. Let , T>x be the A-invariant part. This is a 

sheaf of Oy-algebras generated by the Lie alqebroid Q y . Recall O ^ is the vector bundle 
^ ^ ^ X/ A x/ A 

on Y which is the descent of the tangent bundle of X. It fits into an exact sequence 

^ Lie^(g)Oy ^ e . ^Gy^O. 

X / A 

The functor M. ^ gives an equivalence between weakly ^-equivariant -modules and 

T) , -modules which are quasi-coherent on Y . 
X/ A ^ 

Note that Lie A C ^ ^ C T> _^ ' a '^^ actually central, hence S = Sym(Lie A) is a central 

subalgebra of ^ ^. Localizing the category of "D^ ^ a^^ various points of (Lie A)* = SpecS* 

corresponds to specifying the monodromy along the fibers of X Y under the Riemann-Hilbert 
correspondence. Thus an A-unipotently monodromic Px-module is the same as a quasi-coherent 
, ^-module on which Lie A acts nilpotently. 

Let 5" be the completion of S with respect to the ideal (Lie A) , and we define the completion 

X/ A ^ X / A' 

equipped with the (Lie74)-adic topology. The desired completion of the derived category of 

Pv-modules can then be defined as the derived category of certain V , -modules. 

^ ^ x/ A 

The above examples suggest that i)\{X / A) should look like a tensor product D\[X / A) 05 

5", i.e., the category of S-modules in D\{X / A). Turning this into a rigorous construction 
involves two technical difficulties. 

First, we need to deal with such categorical issues as: how to extend the triangulated cate- 
gory structure and the t-structure to the completed category; how to extend the sheaf-theoretic 
functors to the completed categories? The general categorical formalism for dealing with pro- 
completions is contained in §A.21 and is applied to our situation in §A.3[ 
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Second, to make sense of S- modules in D^[Y) we need to work on the level of abelian categories 
(perverse sheaves). Even in the situation where X = Y x A this is not obvious, see ^AAl Extra 
care has to be taken in the mixed setting, see ^A.5[ Finally, we deal with the case where Y is 
nicely stratified and the category in consideration is glued from simple categories coming from 
each stratum, see ^A.61 

The ultimate goal is to define and study free-monodromic tilting sheaves, which will be done in 
^A.7[ The free-monodromic tilting sheaves will play important roles in constructing DG models 
for the completed categories, as we will see in Appendix [Bl 

A. 2. Pro-objects in a filtered triangulated category. Let D be a category and let pro(Z)) 
be the category of pro-objects in D. By definition, objects in pro(-D) are sequences of objects 
(indexed by non- negative integers) {Xn}n>o with transition maps • • • — ?• X2 Xi — t- Xq. We 
denote such a sequence by " ^im " X„, . The morphism sets are defined by 

(A.l) Homp,o(^)("^"X„, "l^"y„) = l^lu^RomD{Xm,Yn). 

n m 

The Yoneda embedding of rj£) : D Fun(D, Set) extends to pro-objects to give an embedding 
(A.2) ^z):pro(L>) Fun(L»,Set) 

"^"A:„ ^ (y ^ lu^RomD{Xn,Y)j . 

It is easy to check that rjjj is a full embedding. 

For any partially ordered set I, viewed as a category, we can consider Fun(/, D) as "dia- 
grams of shape /" in D. In particular, for n > 0, let [0, n] be the ordered set n > • • • > 0. 
Then Fun([0,n],D) is the category of chains of morphisms X„, ■ ■ ■ Xq. In particular, 
Fun([0, 1], D) is the category of morphisms in D. 

A. 2.1. Lemma. Let I be a countable partially ordered set in which every element i has only 
finitely many successors (a successor is an element j < i). Then the natural functor 

Uj : proFun(/,L>) Fun(7, pro(L»)) 

is an equivalence of categories. 

Proof. We first prove 11/ is essentially surjective. We write / = /at where Ii G I2 C ■ ■ ■ C 
/at C • • • , each Ijy has cardinality N and is closed under successors. We use induction on N to 
show that each 11/^ is essentially surjective, which suffices for our purpose. 

Assume n/^_^ is essentially surjective. For notational simplicity, we denote In by / and 
In-1 by J. Let {io} = I\J. For any diagram X : I B i "^m"X(i)„ G pro(-D), apply the 
inductive hypothesis to its restriction to J, we get a projective system {Yn : J 3 j Yn{j)} 
and an isomorphism a : n("l^m "Yn) — > X\j. Since each a(j) : "^m"l^(j) "^im"X(j)„ is 
an isomorphism, the maps "^im"X(zo)n — > "^h2"-'^(j)n for io > j naturally lifts to f{io,j) ■ 
"lim"X(io)n. — ^ "l™"^n(j)- By choosing a subsequence of {-'^(«o)a(n)} of {-^(^o)n}> we can 
manage so that f{io,j) comes from a projective system of maps f{io,j)n '■ -'^(^o)a(n) ~^ ^n(i)- By 
possibly passing to another subsequence of {X{io)a[n)}j we can make sure that for each fixed n, 
adding Yn{io) := ^(io)a(n) and {f{io,j)n ■ Yniio) Ynij)}io<j extends the diagram Yn : J 3 j 1-^ 
Yn{j) into a diagram Yn : I £ i Yn{i) . As n varies, these diagrams form a projective system 
{Yn}n in Fun(I, £)). It is clear that the natural isomorphism "^m "Ynjip) = "^in"X(io)a(n) — ^ 
" l^m " X{iQ)n together with a extends to an isomorphism 5 : H/C'l^m "Yn) — > X. This completes 
the induction step. 
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We next prove that 11/ is injective on morphism sets. Let {Yn : / — s- D}, {Zn '■ I D} be two 
objects in proFun(/, D). Then their Horn-set in both proFun(/, D) and Fun(/, proD) can be 
naturally identified with subsets of 

lim lini]^Homj)(ym(i), Znji)) = ]^ lim linr Romp (Ymji), Znji))- 

n m ifzj i^j n m 

From this we conclude that 11/ is injective on Horn-sets. 

To prove that H/ is surjective on morphism sets, it suffices to show that 

Fun([0, l],n/) : Fun([0, 1], proFun(/, D)) ^ Fun([0, 1], Fun(/, pro(D))) 

is essentially surjective. Consider the commutative diagram of functors 

proFun([0, 1], Fun(/, D)) -^^^ Fun([0, 1], proFun(/, D)) 

Fun([0,l],ni) 

i adj Fun([0,l],Fun(/,pro(Z)))) 

; adj 

proFun([0, 1] x /, D]) "'"'"''^ Fun([0, 1] x /, pro(D)) 

where "adj" is the adjunction equivalence between the Cartesian product x and Fun. The 
essential surjectivity of Fun([0, l],n/) then follows from that of np^ijxj- D 

For a category D with a shift functor [1], let Tri(D) denote the category of all triangles in D, 

i.e., chains of morphisms X Y — > Z — > X[l] > Y[l] - ■ ■ such that the composition of any 

two consecutive arrows is zero. 

Now suppose D is a triangulated category equipped with a shift functor [1] and a category of dis- 
tinguished triangles Tri(D) C Tri(D). We clearly have a functor 7 : pro(Tri(D)) — > Tri(pro(-D)). 
Let Tri(pro(Z))) be the essential image of 7. However, in general there is no guarantee that the 
distinguished triangles defined in such a way should give a triangulated structure on pro(Z)). In 
fact, the octahedral axiom does not hold automatically for situations arising from pro-objects, 
because no condition was imposed on the morphisms between octahedra. We will resolve this 
difficulty with the help of a filtered structure of D. For basic definitions and notations of a filtered 
structure on a triangulated category, see |B87t Appendix A] . We will use the decreasing version 
of filtered categories, and use F-"' to mean "the n-th filtration" and use to mean "quotient 
by i^^^^+i". Let DF be a filtered triangulated category over D with the "forgetting filtration" 
functor : DF — )■ D. We have the "taking the associated graded" functors: 

Gr^ -.DF^D. 

For any interval of integers [m, n], let D^I™'"] be the full subcategory of DF consisting of objects 
X such that Gr^(X) = unless < i < n. In particular, we can identify D with DF^^^^\ 
For each we have a functor 

^[m,n] . jjp[m,n] _^ Fun( [m, n] , £») 

sending X G DFt'"''^] to the diagram F^'^X > F^"^X = X. 

For n = 1, can be lifted to a functor 
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which sends X G DFIO'^I to the distinguished triangle F^^X X F^^X ^^^^[l]. 
Therefore 0,'^'^'^^ is the composition of r o ^Y^^ where r : Tri(D) — t- Fun([0, is "forgetting 
the third vertex of a triangle" . 

Let Oct(L') be the category of octahedra in D. We recall that an octahedron is a commutative 
diagram of the form 



(A.3) 




where {f,f',f"),{g,g',g"),{h,h',h") and are distinguished triangles. There is an obvi- 

ous notion of morphisms between octahedra. 
The functor OlO'^l can be lifted to a functor 

^Oct . ^^[0,2] ^ Oct(Z)) 

which sends X € DF^'^''^^ to the octahedron 




Gr^X Gr2,X[l] 



so that Ol*^'^! is the composition of r2^'^Mv4th-%fte functor of "remembering the top left commu- 
tative triangle only". 

Let D be a category equipped with a shift functor [1] and distinguished triangles Tri(D). A 
strictly full subcategory D' <Z D \s said to be triangle- complete, if it is stable under [1], and for 
any triangle X — > 1" — )■ Z — )■ in Tri(D), if two of the vertices are in D\ then so is the third. 
When D' is triangle-complete, we define its distinguished triangles Tri(D') to be those in Tri(D) 
with all vertices in D' . 

A. 2. 2. Theorem. Let k he a field and D he a k-linear triangulated category with a filtered lifting 
DF. Let D' C D he a full triangulated suhcategory. Equip pro(-D') with the shift functor [1] 
induced from that of D' and the distinguished triangles Tri(pro(D')) C Tri(pro(L'')) (recall this 
is the essential image of j : pro(Tri(D')) — )■ Tri(pro(-D'))j. Let D C pro(D') he a triangle- 
complete full suhcategory. Assume: 

(P-1) pro(S7[°'^l) : pro(DF[°'^]) — proFun([0, 2], Z?) is essentially surjective. 

(P-2) For any two objects " l^m " X^ S D and S D' , lin^ ^^ Homj)/ {Xm,Yn) is a finite dimen- 
sional vector space over k. 
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Then D with the induced shift functor [1] and distinguished triangles Tri(Z)) is a triangulated 
category. 

Proof. (1) We first check (TRl) . The only thing we need to show is that any morphism " l^m " X„ 

" "Y^ in D extends to a distinguished triangle. We will prove this for any morphism in pro(L'). 

Since D C pro(L'') C pro(L') is triangle-complete, (TRl) then holds for D. Consider the com- 
mutative diagram 



(A.4) 



proTri(D) ^^VroFun([0, l],D) 



Tri(pro(L»)) -^-^ Fun([0, 1 



,PT0{D)) 



where r, T are "forgetting the third vertex" functors. We would like to show that T is essentially 
surjective. Axioms (TRl) for D implies that r is essentially surjective; axiom (TR2) for D implies 
that T is surjective on morphism sets. These two facts together imply that pro(r) is essentially 
surjective. By Lemma lA.2.11 IIi is an equivalence. Therefore IIi opro(r), hence T, is essentially 
surjective. 

The axiom (TR2) is obvious because proTri(D) is stable under rotation of triangles. 

We next check (TR3). Note that by pVlOTl Lemma 2.2], this axiom is implied by the other 
axioms. We still verify it here because we will need it to check (TR4). Note that (TR3) is 
equivalent to saying that 



(A.5) T -- 

is surjective on morphism sets. 
Consider a diagram in D 



iTri(D) 



Tri(L>) Fun([0, 1],D) 



(A.6) 



"lim "Xr, 



/ 



im"K 



im " Zr, 



"lim"X„[l] 
"lim"X;[l] 



where the rows are distinguished triangles. We would like to find a morphism C, : "hm"Z„ — )■ 
" l^m " making all the squares commutative. By the definition of Tri(proD'), the two rows in 
()A.6p are pro-objects in Tri(D'), i.e., / = "lim "/„, g = "hm"g'„, etc. However, the morphisms ^ 
and rj are morphisms in pro(Z)') as in (jA.ip : for fixed n, we have an inductive system ^m,n '■ 
X'^ compatible with transition maps Xm+i — > Xm for large m. These inductive systems form a 
projective system as n varies ,i.e., ^ = lim^ ^m.n- Similarly we have r] = ^hn^ Ihn^ ??m,n- 

Fix n > 0. Then for m large enough, km,n and r]m,n are defined and fn^m,n = Vm,nfm- By 
(TR3) for D' , the set of dotted arrows making the following diagram commutative 



Xr, 



X' 



fn 



f 

J n 



Y' 



I 
I 

Y 



^m.n [l] 



ON KOSZUL DUALITY FOR KAC-MOODY GROUPS 



61 



form a torsor E'm.n under a subspace -f^m.n C KomD' {Z^n, Z'^). The set E of morphisms C 
" ^m " Zn — )• " l^m " Z^ making (IA.6|) commutative can thus be expressed as 



E = lim lim 



Each -Boo.n. = lirn ^ £'m,ra is a torsor under -ffoo.n = lirn ^ Hm,n- By assumption (P-2), Hoo,n C 
lin^^ Homj)/ {Zm-, Z'„) is finite dimensional over k. Hence the projective system {Eoo,n}n>o is 
Mittag-Leffler. Since each i?oo,n is non-empty, so is = ^m^ Eoo^n- This proves the existence of 

CeE. 

An easy consequence of (TR3) is that r in (lA.Sp is conservative. 

Finally we check the octahedral axiom (TR4). For any category C equipped with [1] and 
distinguished triangles Tri(C), we can define the category Oct(C) as in (|A.3p and its relative 
Oct^'^^{C) called the category of pre-octahedra. An object in OctP''°(C) is a commutative dia- 
gram: 




such that (/, /', /"), (5, g', g") and (/i, h' , h") are in Tri(C). We have forgetful functors Oct{C) ^ 

OctP''°(C) A- Fun([0,2],C) whose composition only remembers the top left commutative trian- 
gle of the octahedron. In particular, we can define Oct(pro(D)), OctP'''^(pro(L')), Oct(L') and 

Consider the following diagram (which is commutative with obvious choices of natural trans- 
formations) 



(A.7) 



pro(Z)F[0'2l; 

pro(f70<=*) 

proOct(i:)) 



pro 



(f7[0'21) 



pro(Q) 



proOctP''^(L>) 



pro(/3) 



proFun([0,2],L») 



Oct(pro(Z))) OctP''"(pro(Z))) — ^ Fun([0, 2], pro(Z))) 



Axiom (TR4) for D is the same as saying that 



a = A\ 



: Oct(L>) ^ OctP''^(L') 



lOct(D) 

is essentially surjective. 

By Lemma IA.2.H 112 is an equivalence. By (P-1), pro(r2['''^l) is essentially surjective. Hence 
the composition B o A is essentially surjective. Let /? be the restriction of B to OctP'^'^(Z)). Then 
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the composition 

^oa: Oct(z5) % OctP''^(5) h Fun([0,2],5) 

is also essentially surjective, because if a commutative triangle in D can be completed into a 
octahedron, the vertices of the octahedron must all belong to D by triangle-completeness. 

To recover an object in OctP'^''(pro(-D)) from its image in Fun([0, 2], pro(L')), one only needs to 
construct distinguished triangles from the three arrows, i.e., the following is a pullback diagram: 

OctP''^(z)) — ^Fun([0,2],i3) 

Tri{Df i Fun([0, 1], -D)^ 

Axiom (TR3) for D implies that r is surjective on morphism sets and conservative, hence (3 
is also surjective on morphism sets and conservative. We already proved that (3 o a is essen- 
tially surjective, therefore a is also essentially surjective. This verifies (TR4). The proof is now 
complete. □ 

A. 2. 3. Remark. We also have a filtered version of Theorem lA. 2. 2[ Under the same assumption 
as Theorem IA.2.21 let DF C proDF be the full subcategory consisting of objects " ^m " Xn 
such that " l^m " Gr^X„ € D and the filtrations of Xn are uniformly bounded: i.e., there exists 

G Z>o such that Gr^ X„ = for all n and any i ^ [—A, A]. Then it is easy to see that DF is 
a filtered triangulated category. 

A. 2. 4. Example. Let A be a scheme over k [k \s a. finite field or an algebraically closed field). 
Let A be a coefficient ring, for example, A = F^, Z/^^Z, Z^, or Q^, with I ^ char(A;). The 
derived category D^(A, A) is equipped with a filtered structure D^F{X,A) (see |D801 §1.1.2]). 

We claim that proJl[™'"l(A) : pro(Z)F[™'"] (A, A)) proFun([m, n], Z)^(A, A)) is essentially 
surjective; i.e., the assumption (P-1) in Theorem I A. 2. 2 1 is satisfied for D = D^{X,A). 

We first assume that A is a finite ring. Let K^{X,A) and K^F{X, A) be the homotopy 
categories of C^(A, A) (constructible A-complexes) and C^F{X,A) (filtered constructible A- 
complexes). Then the forgetful functor r2['"'"l(A) admits a section, the "telescoping functor": 

Tel = Telt™'"! : Fun([m, n], K,^(A, A)) ^ A:^^f['"'"1(A, A). 

For a chain of complexes K = [{K{n),dn) {K{n — l),d„_i) ■ ■ ■ '^"'^S (A'(m),(im)] and 
m < i < n, define 

F^'Tel{K) = K{n) A:(n)[l] © K{n - 1) K{n - ® ■ ■ ■ ® K{i + 1)[1] © K{i), 

with differentials a signed sum of dj, dj[l] and fj. When m = n — 1, Tell'"'"] (AT) is the mappmg 

cylinder of K{n) K{n — 1). 

Consider the following commutative diagram 

(A.8) Yun{[m,n],Kl{X,K))— ^ A.^fI'"'"] (A, A) 

Fun([m,n],Q(A)) QF(A) 

Fun([m, nlDl{X, A)) (x. A) 
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where Q{A) and QF{A) are natural quotient functors. Now take "pro" of the diagram (jA.Sp . 
It is easy to see that proFun([?7i, n], (5(A)) is essentially surjective, hence prori'"^'"] (A) is also 
essentially surjective. 

Now consider the case A = Rx, a complete DVR with uniformizing parameter A and residue 
field ¥x, a finite field of characteristic £ ^ char(A:). Consider the projective system of dia- 
grams (jA.SP for A = Rx/{X"'), n = Z>o (by |D80j . we should replace by constructible com- 
plexes with finite Tor-dimension, but we ignore this notational change). It is also easy to check 
that proFun([m, n], lim ^ Q{Rx/ (A"))) is essentially surjective (the argument is similar to that of 
Lemma lA.2.ip . Therefore, taking pro^im^ of the diagram (lA.Sp for Rx/{X^), we conclude that 

profit'"'"'! (i?A) is essentially surjective. 

Finally we consider the case A = Ex = Frac{Rx)- We claim that for any finite partially ordered 
set /, the natural functor 

(A.9) proFun(/, D^^{X, Rx)) proFun(/, D'^JX, Ex)) 

is essentially surjective. In fact, any projective system {K^ '■ I — ?• D'^^X, Ex)}n>o can be viewed 
as a functor K :[0,oo) X I ^ DI{X, Ex), where [0, oo) X / is equipped with the product partial 
order. For each index a G [0, oo) x /, K{a) is an object of D^{X,Rx) by definition. For a > /3, 
the transition map : K{a) — ?■ K((3) is a morphism in D^{X, Ex)- It is easy to see that there 

exists a sequence of integers Na G Z>Oi such that the assignment K = {K{a), = X'^°'~^f f^) 
defines a functor K : [0,oo) x I ^ D^{X,Rx))., hence an object in proFun{I , D^{X , Rx)) . 
Moreover the morphism K ^ K defined by A'^" id : K[a) K[a) gives an isomorphism in 
proFun(/,I),^(X,^A)). 

The surjectivity of (IA.9P for / = [m, n], together with the surjectivity of y^io^^^'^\Rx) , implies 
the surjectivity of proil[™'"l(ii^A)- The case A = follows from the case A = Ex for various 
finite extensions Ex of Q^. 

A. 3. The completion. We recap the notation from ^A.ll We fix a full triangulated subcategory 
D'{Y) C D^^{Y) with the induced perverse t-structure with heart P'{Y). Let D'{X / A) C 

D^{X y A) be the full subcategory generated by ■k'^D'{Y), with the induced perverse t-structure 

with heart P'{X / A). 

A. 3.1. Definition. 

(1) An object " lim " Fn € pro-D^(X) is called ir-constant if " lim "7r-|-J-'„ G pioD^{Y) is in the 
essential image of -D^(y). 

(2) An object " lim "Tn € proD^^X) is called uniformly bounded in degrees, if it is isomorphic 

to "hm"j; for which there exists N such that all £ PDlr'^'^\x). 

(3) Let D'{X ^y'' A) C proD'{X y A) be the full subcategory of objects which are both vr- 
constant and uniformly bounded in degrees. 

A. 3. 2. Theorem. Let Tri{D'{X / A)) C Tri{pr:oD'{X / A)) consist of those triangles whose 
vertices are in D'{X / Al). Then under the shift functor [1] induced from pxoD' {X / A) and the 
distinguished triangles {X / A)) , D'{X y A) becomes a triangulated category. 

Proof We would like to apply Theorem ESJ to D = D^^{X,Q(,), D' = D'{X / A) and D = 
D'{X / Al). We first check that D'{X / A) is a triangle-complete subcategory of pxoD' {X / A). 

For any triangle " l^m " {Tn Qn -^) in Ty\{p'£oD' [X y A)) , suppose "^im"J>i and 
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"Um"^„ are in D'{X /'' A), we need to show that " lim " Tin is also in D'{X y A). Boundedness 
is clear, we only need to check that " lim " Tin is also vr-constant. Let A,B& D'(Y) with isomor- 
phisms a : A — > " lim " TTj- and P : B — > "lim"7r-|-^„, then we have a morphism a : A ^ B 



(which is the transport of "^im"/„) 
diagram 



A- 



Let C be a cone of the map a. Consider the following 



Tt{/n) 



B 



■C 
I 



/3n 



■A[l] 



The choices of the dotted arrow form a torsor En under a subgroup Hn C Homy (C, Tr^Tin), which 
is a finite dimensional Q^-vector space. Hence the projective system {£„ } is Mittag-Leffler. Since 
each En is nonempty, l^m En is also non-empty, i.e., we have a morphism 7 : C — > " l^m "ir-fl-Ln 
making (a, /3, 7) into a morphism of triangles. We claim that 7 is an isomorphism. In fact, we can 
check this by applying Homy ( — , T) to this morphism of triangles, for any test object T G D'(Y), 
using the long exact sequence of Hom's. This shows that ^^l^m"T-Ln is also vr-constant, and 
completes the first step. 

The assumption (P-1) is verified in Example lA. 2. 4[ 

Finally, we check the assumption (P-2) for morphisms in D'(X / A). Let " ^m " Tn , " ^ini "Qn £ 

D'{X / ^), we now show that for fixed n, lin^^ Homx(-7>n, Qn) is a finite dimensional Q^-vector 
space. This would then imply (P-2). 

Since the functor lim ^^ R Hom^ {Tm , ~ ) is an exact functor from D'{X /'' A) to the derived 
category of Q^-vector spaces, it suffices to check that lin^^ Homx(-7-^mi G) is finite dimensional for 
a set of generators Q of D'{X / A). So we may assume Q = tt^T-L for some H G D'(Y). Then 

lin^ Homx {J^m, tt^'H) = lin^ Homy (tti J"m, "H) 

m m 

= HomproD'(y)("^"7rt-7^m,'H) 

The TT-constancy of " ^m " J^m means " lim "7rf J>n is isomorphic to an object in D'(Y), therefore 
the above Hom-set is a Horn-set in D'{Y), hence finite dimensional. This completes the proof. □ 

A. 3. 3. Proposition. Let Hi : Xi ^ Yi he A-torsors (i = 1,2). Let D'{Yi) C D^^{Yi) be full 
triangulated subcategories. Suppose we have a commutative diagram of exact functors (i.e., we 
have a natural isomorphism a : $ o vri^-]- 7r2,f o ^) 



(A.IO) 



D'{X^ /A) 



D'{X2/A) 



D'{Yi 



D'{Y2 



Then $ naturally extends to an exact functor $ : D'[Xiy A) — )■ D'[X2y A). Moreover, this 
extension is compatible with compositions, adjunctions and natural transformations. 

Proof. It is clear that pro(<I>) sends distinguished triangles to distinguished triangles and com- 
mutes with [1]. The only thing we need to check is that pro($) sends vri-constant objects to 
7r2-constant objects. But this follows from the diagram (jA.lOp . □ 
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A. 3. 4. Corollary. Let f : Xi — )> X2 be an A-equivariant morphism between A-torsors and 
D'{Yi) C D^iYi) be full triangulated subcategories. Let f :Yi ^ Y2 be the induced morphism. Let 
$ be any of the exact functors f*,f*,f\ and f\ and let ^ be the corresponding functor for f. 

Suppose $ restricts to a functor between the D'(Yi)'s, then ^ naturally extends to exact func- 
tors between the D'{Xi A)'s. Moreover, these extensions are compatible with compositions, 
adjunctions and proper base change. 

Proof. (1) For $ = /i, we have T^2,'\f\ = /i^i.fi then apply Prop ET3.3[ 

(2) For <1> = /*, we have proper base change isomorphism T^i^-\f* — f*T^2,-\i then apply 
Prop lAXSl 

(3) For $ = we have a natural transformation 'K2,]f* /*'^i,t (^-PPly adjunction to /* — 
/*7r|7ri J- = vrl/^TTi 1). This natural transformation is in fact an isomorphism when restricted to 
D'{Xi / A). In fact, we only need to check it on objects of the form 7r|j^, where it is obvious. 
We then apply Prop |A.3.31 

(4) For $ = we have a natural transformation vri j/' — )■ f 'T^2,\i which is an isomorphism 
when restricted to D'{Xi /''A) for the same reason as in (3). We then apply Prop [X73.3[ □ 

The adjunction (7r-|-,7r^) extends to the adjunction (the extended functors are denoted by the 
same letter): 

D'(X / A) D'(Y) 

Trt 

A. 3. 5. Lemma. The functor vr-j- : D'(X y A) — )■ D'{Y) is conservative. 

Proof. Since vr-j- is an exact functor, to show it is conservative we only need to show that it sends 
a nonzero object to a nonzero object. 

Suppose 7r|("^im"J>i) = 0, then any map "^im"J>i ir^Q is zero for any Q € D'{Y). Since ob- 
jects of the form tt^Q generate D'[X A), this means Hom(" lim " J-"„, J^) for any T € D'{X / A). 
By the full faithfulness of the Yoneda embedding ()A.2[) . this implies that " ^m " Tn = 0. □ 

The following lemma is used only in the proof of Lemma 13.2.21 and Lemma 14.4.31 

A. 3. 6. Lemma. Let a: A^ X ^ X be the action map. Recall the free-monodromic local system 
C on A defined in Example \A.1.S\ Then there is a functorial isomorphism for T S D'{X / A): 

a\(L^T) ^ J"[-2r](-r). 

Proof. It suffices to give the isomorphism for T € D'(X / A). We first need to construct a 

natural map L^T ^ a*F = cl' J-[—2r\{—r) . We may assume is a Z^-complex, and is given by 
a projective system Tn € D^^{X,'L/ P^). For each m G Z>i, write 

A [m]xid a 

am.-- Ax X ^ — )■ Ax X ^ X. 

Let p : Ax X ^ X he the projection. By |V83l Prop.5.1], for fixed n, if m is sufficiently divisible, 
we have an isomorphism 

9m : p*Tn ^ a*n,Tn = {[m] X id)-{a*T) 
In our case J-" is a successive extension of sheaves pulled back from y, it is easy to see that such 
an isomorphism exists if m = for large b. By adjunction, 9m gives 

([mJiZ/r) mTn = {[m] X id)ip*Tn a*Fn. 
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Ks m = & and n varies, [&]\'L/£^ form a projective system indexed by two integers 6, n. Taking 
projective limit, we get a map 

(A.U) ^ a*T. 

b,n 

As a representation of 7ri(^, e), the local system is 'Ij/£"'[A[£^]], the regular representa- 

tion of the quotient 7ri(A, e) — >• A[i'']. Let Iji[Ti{A)]^^^g be the completion along the augmentation 
ideal of Z,i[Ti(A)]. There is a natural map in Rep(7rf(^,e)) (note that 7r{{A,e) ^ Ti{A)): 

(A.12) HTi{A)]^n^ ^ llmZ/r[T,{A)/i% 

b,n 

In fact, for any n, 6, elements of the form {t — lY^ {t G T£{A)) lies in the ideal generated by i"' 
and i''Ti{A) C Ti{A) in Z4r£(A)] for large N = N{n,b) (by binomial expansion). 
On the other hand, we have a map in proRep(7r^(^, e), Q^) 



(A.13) S = lunSym{VA)/iVX) ^ Q4T,(^)] 



A 

aug 



which sends t G TeiA) cVaCSa to log(t) = - Ei>i(l-*)V^ e Q£[T^(^)]aug- Combining ([A:T2]) 
and (jA.lSp . we get a continuous map between 7r^(^, e)-representations 

(^^Z/r[Te{A)/£'']j 0Q^. 

Composing with the map (jA.lip . we get the desired map C M T-^^ — > 0*^"^^. By adjunction, we 
get a functorial map 

/3{T) :a,{CMT)^ T[-2r]{-r) 

Finally we check this is an isomorphism for G D'{X A). Since D'{X /'' A) is generated by 

TT^Q, it suffices to check P{tt'^Q) is an isomorphism. Applying proper base change to the Cartesian 
diagram 

id 4 Xvr 

A xX^^Ax Y 

PY 

X — 

we get 

aiiC^TT^g) = TT^pY,\iCmg) =TT\Krc{A,C)0g) ^TT^g[-2r]{-r). 

In the last equality we used HTc{A, C) = Q£[—2r]{—r). The above isomorphism is in fact the 
same as /3(7r^t/). This proves /?(— ) is an isomorphism. □ 

A. 4. The case of a trivial ^-torsor. In this section, we study the special case where n : X ^ Y 
is a trivial A-torsor. Fix a section e : Y ^ X. Consider the t-exact functor 

et = e-[r] : D' {X / A) ^ D'{Y). 

There is a natural transformation 

(A. 14) = 7r!e*e'[r] TT\{r\ = 7r-|-. 

We also consider the functor 

Free ■.D'{Y)^F^FM C[r\ (r) G D'{X / A) 
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where L € D\A / A) is as defined in Example IA.1.21 

A. 4.1. Definition. Objects of the form Free(J') G D' [X / for T G P' ^) are called /ree- 
monodromic perverse local systems. 

A. 4. 2. Lemma. The functors (Free,e^) satisfy the following adjunction 
(A. 15) Hom^^^^ ^^^^(Free(J'),^) ^ Hompro(D'(y))(-F,e^a) 

for F e D'(Y),g e D'{X/ A). 

Proof. Note that e'^[2r](r) ^e*C = S= "1^" Sym(FA)/(VX) G ^c(pt)- Let s : ^ S be the 
unit map. For any map (j) : Free (J-") — )• t?, we have a map 

^ F(^S^TM eC[2r] (r) = etFree(^) e^^. 

This established the required map between the Hom-spaces in ()A.15p . To check it is an isomor- 
phism, it suffices to check for generating objects Q = tt^T-L, where it is obvious. □ 

For any object J- € P'{X A), e^T G naturally carries the nilpotent logarithmic 

monodromy operator 

e"^ log(/ijr) : Va «) J" e'^T 
so that e^T becomes an 5- module in P'{Y), on which Va acts nilpotently. 
A. 4. 3. Lemma. The functor lifts to an equivalence of abelian categories 

a : P'{X / A) ^ Mo6^^(S;P'{Y)) 

where Mod"^(S'; denotes the abelian category of S -module objects in P'{Y) on which Va 

acts nilpotently. 

Proof. This is a variant of the usual Barr-Beck theorem in the following situation 

Free 

proP'(X / A) ^—>P'{X /^A)^^ P'{Y) 

Here is exact, faithful and conservative; the only issue is that the functors and Free are only 
adjoint in the sense of Lemma lA.4.21 But the argument for Barr-Beck theorem still works. We 
have a functor in the other direction: 

(A.16) Mod"H5^; P'{Y)) P'{X / A) 

which sends a nilpotent 5-module J- in P(Y) to 

(A. 17) coker {va ® {FMC)[r]{r) -(-^)^id-id^m.(£)^ ^ ^ 

where m{F) : Va ® F ^ F and m{C) : Va ® C ^ C are action maps given by the S-module 
structures. Since V^^^ acts as zero on F for large n, so that (|A.17p is actually a quotient of 
F M Cn (for Cm see Example IA.1.2p . hence lands in P'{X y A). It is easy to check that the 
functor ()A.16P and a are inverse to each other. □ 
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AAA. Corollary. Under the equivalence a, the functors 

P'{X / A) , P\Y) 

become 

Mod"H5; P'{Y)) . P'{Y) . 

triv 

where "triv" sends an object T € P'{Y) to the S -module J- on which Va acts as 0. 

Proof. It is clear that e^^TT^J- = J- with the trivial monodromy action, hence crvr^ is the same as 
the functor "triv". The equality ^H^tt^ = (— ) <)SigQe follows by adjunction. □ 

Assumption F. Every object in P'{Y) has a finite resolution by projective objects, and that 
the realization functor 

PY : D'{P'{Y)) ^ D'{Y) 

is an equivalence. 

A. 4. 5. Proposition. Under Assumption F, the free-monodromic objects Free(J-'), J-" G P'^) 
generate D'{X / A) . 

Proof. Given an object " l^m " Tn G D'(X / A)., by Assumption F, we may resolve " l^im "ttj-J^^ G 
-D'(y) by projective objects in P'{Y\. 

(A.18) [ ^ /C"^ ^ /C° ^ • • • ] G D^{P\Y)) ^ D'{Y). 

The amplitude of the complex "lim"7r-|-J>i is the least number of nonzero terms among all such 
projective resolutions. If the amplitude of "lim"7r-|-J>i is 0, i.e., "lim"7r-|-J>j = 0, then by Lemma 

EESl "^"j; = 0. ^ ^ 

Now suppose that any " l^m " Tn such that " ^m "7r-|-J-"„ has amplitude < N can be expressed 
as a successive extension of free-monodromic objects. Let " ^m " Tn G D'{X y A) such that the 
amplitude of " lim " ttj- is A^. We may assume (|A.18p is a minimal resolution which terminals 
on the right at /C° (i.e., KP ^ Q and IC = Q ioi i > {)). 

Claim. The component-wise truncation "^im"Pr<oJ>i, — s- " l^m " is an isomorphism inproD'{X 

Proof. By uniform boundedness, we may assume every Tn G ^D^'^{X) for some d > 0. If d = 0, 
there is nothing to argue. Suppose d > 0, we only need to prove that a : "^im"^T<£;J-'„ 
"^im"J>i is an isomorphism, and repeat the argument. 

For this, it suffices to show that Cone(a) = " lim "^ff'^J-"„ is zero (although we do not have 
" ^m "^T<^dJ~n G D'{X / yl) a priori^ the vanishing of the cone still implies a is an isomorphism: 
we only need to apply Hom(— ,r) to a for any test object T G D'{X / A)^ and note that 
Im^ is exact) . Let Vn = '^il'^Tn- Since vrt is right t-exact, " ^ " 7r|f T<rf J^^ G PL><"'(y), the 
projective system of perverse sheaves ^H'^ir^Vn is zero. This means for fixed n, the transition 
map ^H'^ir^Vm — >■ ^H'^tt^Vu is zero for large m. By Cor lA.4.4l this means that the image of Vm 
in Vn falls into VaVu- Since each Vn is killed by a power of Va, this means the transition map 
T^m ~^ 'Pn is zero for large m. This proves the claim. □ 
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By this claim, we may assume that each G We will construct a map Free(/C'^) 

" ^m in D'(X / A). By Lemma IA.4.21 it suffices to give a compatible system of maps 
\K? — > e^J"„}.„. By the assumption that py is an equivalence and K? is projective, such a map is 
equivalent to a map /C° ^ PR^e^Tn = e^^H^Tn- 

On one hand, we have a natural map 

a„ : /C° ^ P//°("lim"7rt7;) ^ PH\^J^n- 
On the other hand, we have a surjection by (IA.14P 

bmce is projective, it is possible to lift a,„ to a„ : /C'' — )■ e^^H^J-n- The set of such liftings is a 
torsor under Homp/(y)(A^'^, ker (/?„)), which is a Mittag-Leffler projective system. Therefore, the 
compatible system of maps {an} can be lifted to a compatible system of maps {5„}. According 
to the argument above, it gives a map : Free(/C'^) "lim"J-'„ such that 7^^{s^) coincides with 
the natural map K,^ "lim "7r|J-"„. 

Let "^im"J%^ be a cone of in D'{X A). Then 7r|("^im"J^^) is represented by the complex 

[ ^ /C~2 ^ /C~^ ^ ^ • • • ] € D^{P'{Y)) ^ D'{Y). 

which has amplitude < A^. This completes the induction step. □ 

A. 4. 6. Example. The Assumption F is essential. We give an example where D'[X y A) is not 
generated by free-monodromic objects. Let X = Gm x be the trivial Gm-torsor over Y = Gm 
via the first projection. Consider the following diagram 

X = Gm X Gm ^ Gm 

TT 

y = Gm pt 

where "mult" is the multiplication map. Take D'{Y) C D^^{Y) to be the fuh triangulated sub- 
category generated by the constant sheaf. Let C denote the free-monodromic local system on 
Gm- Then the object mult*£ € D'{X ^ A) does not lie in the triangulated category generated 
by free-monodromic perverse local systems. 

In fact we have D'{Y) ^ D\Mo<r'\Qe[[t]])) and D'{X /A) ^ D^(Mod'"^(Q^[[s, t]])). The ob- 
ject mult*i2 corresponds to the module Q£[[s, t]]/{s—t) € proD'(A' /'' A), which lies in D'[X / A) 
because vrimult*/^ = Q^[— 2](— 1). However, the subcategory of D'{X / A) generated by free- 
monodromic perverse local systems can be identified with L>''(Mod*~"^(Q^[[s, t]])) (where the 
superscript "t-nil" means only the action of t on the module is nilpotent, and t denotes the 
logarithmic monodromy in the y-direction) . Obviously Q^[[s,t]]/(s — t) does not lie in this 
subcategory. 

A. 4. 7. Corollary. Under Assumption F, 

(1) The realization functor px ■ D'^{P'{X A)) — )■ D'{X A) is an equivalence. We have 
a t- exact equivalence 

PX o (j-i : L'''(Mod°''(5; P'{Y))) ^ D\P'{X / A)) ^ D'{X / A). 
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(2) Suppose we are given a t-exact equivalence of triangulated categories 

V : D\E) ^ D'{Y) 

for some finite dimensional algebra E with finite cohomological dimension. Then the 
equivalence px ° cr~^ extends to an equivalence of triangulated categories 

9:D\E^S) ^ D'{X /A). 

(3) Under u, the adjunctions (7r-|-, vr''') becomes 

D^E <g) S) . D\E) . 

triv 

Proof. (1) Firstly, px is essentially surjective. This is because both sides are generated by objects 
of the form vrt J" for T G P'iY). 

Next we check that px induces an isomorphism between the Ext-groups for these generating 
objects. On one hand, 

RHom^,^^ . (7r^T,TT^T') = RRomDUY)iJ^,J")(^H*{A). 

U (A A) 

On the other hand, by Lemma lA.4.3t we have 

R-Hom^^^^^^.^^C^tj-^^tj-') = RHomj^^^„n(5.p,(^))(^,J^0 

= RHomp/(y)(J", J") '^RHomg(Q£,Q£). 

To see this, we need to pick a projective resolution /C* for in P'{Y), and use Koszul resolution 
of /C* by free S'-modules. 

By Assumption F, RHomp,(y)(J', J"') ^ RHomp,,(y)(J', J"') . Moreover, RHomgr(Q^, Q^) ^ 
A*(y^[— 1]) = H*{A), hence the two R Hom-complexes are naturally isomorphic. 

(2) The equivalence px o c"^ extends to pro-objects. We identify D^{E ® S) with a full 
subcategory of proL>''(Mod°''(£;(g)5)) = proD''(Mod'^''(5; P'{Y))), hence getting a fuh embedding 

D\E 0S)^ pvoD'iX / A). 

Any complex in D^{E®S) is quasi-isomorphic to a complex of free objects M^S (M G Mod(-E)), 
hence its image lies in D'{X A). On the other hand, by Prop lA.CSl D'{X A) is generated 

by free objects Free(-F) € P'{Y)), which correspond to ^ S G Mod(£' (8> S). Hence 

pro(/9x ° cr~^) restricts to the desired equivalence d. 

(3) foUows from CorEAl □ 

A. 4. 8. Remark. Cor iA.4.'7l 2) gives a t-structure on D'{X / A) extending the perverse t-structure 
on D'{X / A)^ whose heart we denote by P'{X y A). A priori, it is not clear that such a t- 
structure exists. However, a posteriori, this t-structure can be intrinsically defined as follows: 
jr e (X ^/ ^) if and only it is isomorphic to "^"Jv, where each G pD'^'''''\X / A). 

In fact, any complex M = [0 ^ M" ^ ■ ■ ■ ^ M'' ^ 0] e D^^^^^E ® S), can be written as the 
projective limit of M„ = [0 ^ M"/VX+^ ^ > M^/V^^^ ^ 0] G L>['''^]Mod'''^(^ ® S). 

A. 4. 9. Remark. The proof of Prop iX74.5l implies a stronger result: if " lim " Tn G D'{X A) 
and 7r-|-("l^m"J>t) has a projective resolution as in (jA.lSp . then "l^m can be represented by 
filtered complex K. G D'F{X / A (the filtered counterpart of D'{X / A), see Remark EliS]) 
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such that Gr^^ = Free(/C*)[-i]. We can identify C\P'{X / A)) with a full subcategory of 

D' F{X y A) as in |BBD82l §3.1.8], hence the object "^im"J-'„ itself can be represented by a 
complex 

[ > Free(/C-i) ^ Free(/C°) ^ • • • ] G &{P'{X / A)). 

A. 5. The mixed case. From now on till the end of this appendix, let A; be a finite field. We still 
consider an yl-torsor tt : X ^ Y , where everything is now defined over k and A is a split torus 
over k. Let D'^iY) C be a full triangulated subcategory of mixed Q^-complexes on Y . 

Let D'j^{X / A) C L)^(X) be the full triangulated category generated by ttTJ" for F € D'^{Y), 
whose heart of the t-structure is denoted by P^{X y A). 

A. 5.1. Definition. 

(1) A pro-object "^im"J>i G proD^(X) is uniformly hounded above in weights^ if it is iso- 
morphic to a pro-object " l^m " J-"^ for which there exists N ^7L such that each T'^ is of 
weight < A^. 

(2) Let D'^{X / A) be the full subcategory of ^xoD'^{X / A) whose objects are vr-constant 
and uniformly bounded in degrees and uniformly bounded above in weights. 

The new requirement of uniform boundedness on weights does not change the arguments in 
the previous sections. In particular, Theorem IA.3.21 implies that D'^{X / A) is a triangulated 

category, and Cor lA.3.4] continues to hold in the in the mixed situation. Let uj : D'^{X / A) — t- 

D'{X k / A (8)fc A:) be the functor of pull-back to X k (taking the underlying complex). 

A.5.2. Lemma. For objects T = "lim"J'„,,g = "lim"a„ G D'^{X / A), their Ext-groups fit 
naturally into short exact sequences: 

(A.19) O^Extt^ . {F,g)Fr^ext\ , {T ,Q) 

D'{X®k~k/ A^k'k) DUX/ Ay 

^ Extl _ , _{F, gf' ^ 0. 



Proof. For fixed m,n, we have the exact sequence (jl.Sp 

(A.20) ^ Ext^H-^m, a„)Fr ^ ext^(J-^, Gn) ^ Ext)c{Fm, Gnf' ^ 0. 

For any inductive or projective system of finite dimensional vector spaces {H^}, lim and lim 
commutes with taking Fr-invariants and coinvariants. More precisely, consider the system of 
exact sequences 

Taking lin^ or ^m preserves the exactness, hence 

{lim Hnf' = limH^'; (limF„)Fr = lim(//„)Fr, 

where lim means either lim or lim . 

Applying this remark to ()A.20p . taking inductive limit over m, we get 

(A.21) O^Extt^ . _ {J^,Gn)Fr^ext\ , {F,gn) 

D'{X®kk/ A®kk) D'UX / A) 

^Extl _ , _ {F,gnf' ^0. 

D'{X®kk/ A'?jkk) 
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Note that each Ext*_ _ , (F, Qn) is still finite dimensional (because of vr-constancy of J-", 

D'{X®k~k/ Ay ' 

see the proof of the Mittag-Leffler condition in Theorem IA.3.2p . hence we can apply the above 
remark to ()A.2ip . Taking projective limit over n, we get the desired exact sequence ()A.19p . □ 

Now we concentrate on the case X = Y x A. We have the obvious mixed analogs of Lemma 
IA.4.31 and Cor lA.4.4l where S is viewed as a Fr-module (Fr acts on Va by q^^). 
We make a mixed analog of the Assumption F. 

Assumpt ion Fj72» Every object in P^iY^ has a finite resolution by objects whose images in 
P'iY k) are projective, and the reaUzation functor 

py,m ■■ D\PUy)) ^ D^Y) 

is an equivalence. 

We have a mixed analog of Prop lA74.51 

A. 5. 3. Proposition. Under Assumption Fm, the free-monodromic objects Free(J-') for T £ 
P4(y) generate D'^{X / A). 

Proof. We only indicate the modification in the argument comparing with the proof of Prop lX74.5i 
Instead of doing induction on the amplitude of "^m "ir-^Fn, we take into account both cohomo- 
logical degrees and weights. Let " ^im " 7r-|. be represented by a complex 

(A.22) [. . . ^ /c-i ^ /C" ^ • • • ] G D\p;,iY)) - D'^iY). 

where each w/C* € P'{Y (g)^ k) is a projective object. For each /C*, we have a canonical finite 
decreasing filtration 

C • • • C W^^'V C W^^'-^V C-- - CV 
such that each Giyy IQ is a successive extension of perverse sheaves V whose ujV is an indecom- 
posable projective object in P'{Y), and the unique simple quotient of V has weight v. (This 
canonical filtration follows from the fact that ext^{V,V') = Hom('P, 'P')fi. = if the simple 
quotient of V has larger weight than the weights of V' .) 

We define the width of the "^im"7r|J>i to be the least number of {v,i) such that Gr^^ /C* ^ 0, 
among all representing complexes JC* as in ()A.22p . We do induction on the width of "^im"7r|J>i. 
If its width is 0, then " H^i "vriJ-^n = and hence "^im"J>^ = 0. 

Suppose for "lim"7r-|-y^„ of width < N, " lim " is a successive extension of free-monodromic 
objects. Now let " lim "7r|.Fn, be of width N. Let us assume that ()A.22p is a representing complex 
which terminate at /C°, and that W^^K.^ = but W^°/C° / 0. Then /C° has weight < 0. The 
argument of the Claim in Prop lA.4.51 proves that we can first replace " ^m " Fn by " ^m "^T<oJ-"n, 
and then assume each ^H^Fn has weight < 0. 

We can then try to construct a map W-^KP — ?> e^^H^Fn- For a mixed perverse sheaf V, let V>w 
be its quotient of weight > w in the weight filtration of |BBD82t Theorem 5.3.5]. By Cor lA.4.4| we 
have an isomorphism {e^^H^Fn)>o — > {^H^7r^Fn)>o (because Va has weight —2). The projective 
system of maps a„ : W-^IC^ — > ^H^n^fFn — >■ H^7r^Fn)>o thus gives a projective system of maps 
an : VF^°/C° ^ {e^PH'^Fn)>o- Note that hom{W^^)C^,e^PH^Fn) liom{W^^]C^ , {e^PH^Fn)>o) 
is surjective because ext^iW-^IC^ ,V) = for any perverse sheaf V of weight < 0. Hence the pro- 
jective system a„ can be lifted to a projective system : W-^IC^ — > e^^H^Fn- Note further that 
the canonical map h.oni(W-^ K,^ , Fn) — >■ hom.(W-^IC^ ,^H^Fn) is surjective since the next term in 
the long exact sequence is ext^(VF-'^/C'',^r<oJ>i), which is zero because ext-^(/C'^, P^(X A)) = 



'This filtration is not be confused with the weie ht filtration in |BBD82| . 
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0. Hence the projective system of maps {a^} lifts to a map W-'^IC^ e^^"^m" Let " ^m " 
be the cone of this map, then "lim"7^|J^^ is represented by the complex. 

[ — >ic~^ ^ /c°/w^-°/c° ^ 0] G d\p;^(y)) 

which has width < N. This completes the induction step. □ 

We also have an analog of Cor ]A.4."7l 
A. 5. 4. Corollary. Under Assumption Fm, 

(1) The realization functor px,rn '■ ^^{Pmi-^ ■^)) ~^ ^mi-^ ^) equivalence. We 
have a t- exact equivalence 

px,rnoa-':D'{Mod-^{S;P:^{Y)))^D\P:^{X/A))f^D'jX/A). 

(2) Suppose we are given a t- exact equivalence of triangulated categories 

u^:D\E,Ft)^D'^{Y) 

for some finite dimensional algebra E of finite cohomological dimension with a Fi-action. 
Then px,m ° Cm"^ extends to an equivalence of triangulated categories 

Vm:D\E(^S,Fv)^DUX/A). 

We define P^{X A) to be the image of Mod{E ^ S,Fi) under Dm- 

(3) Under Um, the adjunctions (7r-|-,7r^) become 

D\E ^ S, Fr) . D\E, Fr) . 

triv 

Proof. Most of the arguments are the same as the proof of Cor lA.4.Tl We only have to notice 
that the ext-groups in the mixed settings (both the Yoneda ext's in P^{X A) and the ext's 

in D!^(X /'' A)) are obtained by taking H*(ZFr, — ) on the R Hom-complexes for the underlying 

complexes on X 0^ k. Hence the full faithfulness of px,m follows from the calculations in the 
proof of Cor EAltl). ' □ 

A. 5. 5. Remark. A mixed analog of Remark IA.4.91 holds: if J-" G D'{X /' A) and Tr-j-J-" has a 
resolution as in (|A.22p . then F can be represented by a filtered complex K, € D'^F{X / A) such 
that /C* := Gr^/C[i] satisfies vrj/C* = /C*, and w/C* = Free(tj/C*) (However, there is no guarantee 
that /C* is isomorphic to Free(/C*)). After identifying C^{P'^(X / A)) with a full subcategory of 
D'^F{X / A)^ the object T itself can be represented by a complex 

[ >t-^ ^ ■■■\^&{J^). 

which has the same length as ([A^. 

In particular, if -k^^T G P^(y) and a;(7r-|-J^) is a projective object in P'{Y\ then lijT is itself 
a free-monodromic perverse local system. If, moreover, QiY\^{T^^T^ is nonzero for at most one i, 
then J"^ Free(7rtJ"). 
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A. 6. The stratified case. We continue with the situation in ^A.5[ We further suppose that Y 
has a finite stratification: 

such that each embedding : ^ y is affine and each is smooth of equidimension da- Let 
Xa '■= iT~^{Ya). Let ia '■ Ya Y and : Xa ^ X he the inclusions. For each a G I, let Y<a be 
the closure of Ya and let Y<q = Y<:a — Y^. Similarly define X<ct and X^a- 

Let & C D^{Y) be a full triangulated subcategory stable under twists from sheaves on Spec(/c), 
whose objects are constructible with respect to the given stratification. Let = &r\D^{Y<a) 
and define similarly. Let := &<a/^<a, which is naturally a full subcategory of D^iYa). 

Now we take D'^^iY) = ^ and apply the constructions in Definition IA.5.11 We denote 
D'^[X y A) by ^ and D'j^[X y A) by We can also restrict the situation to any locally 

closed union of strata. In particular, we can define ^<a, -^<a, -^a, -^a etc. The natural func- 
tors Tq,Tq_?,T<q,,T<q^7, etc. (for ? =! or *) and their adjunctions, natural transformations all 
extend to the completions. 

We denote the non-mixed versions of the above categories by ujSi ,oj./^ ,lo^ ^ etc. These are 
categories of complexes on y (8)^ A;, X ®k k, etc. 

The category & (resp. ^) inherits a perverse t-structure whose heart we denote by cS (resp. 
Similarly, let JSa (resp. be the heart of S'a (resp. ^q). 

We assume that each category S'a has the simplest possible type: 

Assumption S. Each Xa is a trivial ^-torsor over Ya, and H*{Ya (8>fc k) = Q^. Moreover, 
there is a rank one perverse local system G such that LoCa is the unique irreducible object 
in oj^a- 

Assumption S implies a t-exact equivalence of triangulated categories 

Ua : D\Fr) ^ 

sending the trivial Fr-module to Ca- For each a, Cor lA.5.4l gives a natural equivalence 

(A.23) Ua : D\S, Fr) ^ ^ 

under which the free module S goes to Ca = Free (>Cq,) G 
Let 

Then ^ is generated as a triangulated category by either the twists of {Ada € /} or {Vaja € /}. 
Let 

Aq := IcxX^ai Vq. := la,*Ca- 

A. 6.1. Lemma. The triangulated category ^ is generated by either the twists of {Aa\Q: € /} or 
{Va\a e /}. 

Proof. Any T G ^ is expressed as a successive extension of Tq^*z|^J^ (resp. iz^J^) for a G I. 
By Prop J A. 5^3} each z^^J^ € ^a (resp. T* J^) is a successive extension of shifts of free-monodromic 
objects, hence a successive extension of shifts and twists of Ca by Assumption S. Therefore J- is 
a successive extension of shifts and twists of (resp. Aq,). □ 
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A. 6. 2. Lemma. The perverse t-structure on ^ extends to a t-structure {^-^ , ^-^) on , 
such that the natural inclusions 

(A.24) pro^^° n 

(A.25) pro^^° n 

are equivalences of categories. 

Proof. According to Remark IA.4.81 for each a, the equivalence in (|A.23P gives a t-structure 
{^^'^ ,^;^^) on ^Q,. We can apply the gluing procedure in |BBD82t §1.4] to obtain the desired 
t-structure on 

Next we prove that ()A.24p is an equivalence (and proof for ()A.25p is similar and will be 
omitted). We first prove a general result. 

Claim. Let D' he a triangulated category with a t-structure {D'-^,D'^^). Let D C pro(L>') he 
a triangle- complete full suhcategory satisfying the assumptions of Theorem \A.2.S\ Then D is 
naturally a triangulated category. Suppose X Y ^ Z X[l] is a distinguished triangle in D 
such that X, Z G pro(D'-''), then Y is isomorphic to an ohject in pro(D'-^). 

Proof Let X = "1^"X„,Z = "1^"Z„ with € D^°. Then the map / : Z ^ X[l] is 

given by a projective system of maps /„ : Z^f^^-j — where {Z^f^^^} is a cofinal subsequence 
of {Zn}. Let Yn[l] be the cone of /„. It is clear then Yn G D-^. The axiom (TR3) of triangulated 
categories makes Yn into a projective system "lim"i^ € pro(Z)-''). Since "lim"y„[l] is also a 
cone of /, we have Y = "l^m "Yn. □ 

Now we prove that ()A.24p is an equivalence. If G we need to find a projective system 

Tn ^ -^-^ such that T = "lim"J^^. We do this by induction on the support of T. Suppose 

T E -^^^^ and by induction hypothesis we can find Qn € j^"^ such that i^^-F = "^im"C/„. 

Using Remark I A. 4. 8 1 we can also find Un G such that ^J" ^ "1^"?^„. Therefore T fits 

into a distinguished triangle 

T„,i;"^"?^„ ^-F^?<,,,^,"i^"g„ ^?,,^"i^"?^„[i] 

Now we apply the above claim to finish the proof. □ 

We denote the heart of the extended perverse t-structure on .M hy It is clear that pror'^ H 
^ C This inclusion is in fact also an equivalence of categories, but we shall not need this 
fact. The objects Aq, Vq, belong to 

A.7. Pree-monodromic tilting sheaves. 

A.7.1. Definition. ^ 

(1) An object T G is called a free-monodromic tilting sheaf, if for each a £ I, both 
complexes T*7~ and i^^T (as objects in oo^^a) are free-monodromic perverse local systems 
(see Def. IA.4.1t in our situation, this simply means a direct sum of w/^q's). 

(2) An object T € is called a (mixed) free-monodromic tilting sheaf, if ooT € is a 
free-monodromic tilting sheaf. 

It is clear that T G ^ is a free-monodromic tilting sheaf if and only if it is both a successive 
extension of twists of Aq (we call such an expression a A- flag) and a successive extension of 
twists of Vq (we call such an expression a V -flag). 

Let C be the additive full subcategory consisting of free-monodromic tilting sheaves. 
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A. 7. 2. Lemma. An object T £ ^ is a free-monodromic tilting sheaf if and only if tt-^T & is a 
tilting sheaf. 

Proof. For fixed a and an object Ta G ^J'a is a free-monodromic perverse local system if 
and only if TT^^J^a G -^a- In fact, this follows from the equivalence z?^ in (IA.23P and the well-known 
facts about 5-modules. This immediately implies the lemma. □ 

By |BBM04al §1.1-1.4] and [Y09| Lemma 2.2.3], for each stratum a, there is a mixed tilting 
sheaf Ta G ■S<a whose restriction to 1^ is and whose underlying complex coTa is indecompos- 
able (note that loc.cit only dealt with the case when Ca is constant, however, for the argument 
there to work one only needs the vanishing of W{Xa ®k k) for i = 1,2, which is ensured by 
Assumption S). The following lemma is an analogous existence result for mixed free-monodromic 
tilting sheaves. By |BBM04al §1.4], {ojTa\ a G 1} are the only indecomposable tilting sheaves (up 
to isomorphism), and any tilting sheaf T € uj^ is a direct sum of the wT^'s. A free-monodromic 
analog of this structure result will be proved in Remark IB . 2 . 4^ 2 ) . 

A. 7. 3. Lemma. For each a G I, there exists a mixed free-monodromic tilting sheaf Ta € ^<q. 

such that TTjTa — Ta- 

Proof. We use the pattern of the proof of |BBM04al §1.1] and [Y09l Lemma 2.2.3] (for the 
mixed case), although some new argument is required. We proceed by induction on strata. In 
the induction step, as in loc.cit, we may assume that on X has a minimal stratum Z, and the 
required mixed free-monodromic tilting sheaf has been constructed on U = X — Z (call it Tu, 
such that T^\Tu = Ta\u)- Let J: U ^ X and?: Z ^ X he the inclusions. Since Tt/ is a successive 
extension of twists of the A^^^'s, JiTjj is still a successive extension of twists of the A^'s, hence 
belongs to Same remark applies to j*7c/. 

The complex {j\Tu J*Tu] € D^{3^) = ^ , after applying vrj-, becomes the complex \j\Ta,ij 

j*Ta,u] G D^{^) = which can be represented by [i^A A- i^B] for some A,B & (cf. the 
argument in loc.cit). 

By Remark I A. 5. 5 1 the complex [J\Tu J*Tu] itself can therefore be represented by [T*/C^^ 
%KP], where 1C~^,KP € satisfy -k^K,"^ = A and -k^KP = B. We therefore get an extension 
class 

Let T S ^ hean object realizing the above extension class. Then n^T realizes a similar extension 
class i^B — )• J!7^,i7[l], which is known to be realized by Ta (cf. the argument in loc.cit). Therefore 
TTjT — Ta- By Lemma lA. 7. 21 this implies that T is a free-monodromic tilting sheaf. □ 

A. 7. 4. Lemma. Let 7i,72 G 3^- Then Hom^7i,72) is a free S-module, and there is a Fr- 
equivariant isomorphism 

Homjr(Ti,7i) i^gQe = Hom^g((7r|Ti, 7r-|-7i). 

Proof. The functorial map Hom^TijT) Hom^(7r-|-71, vr^Ti) necessarily factors through the 
quotient Homjr{ 71,72) 'S'^Qe because the monodromy operator acts trivially after taking irp 

For X = Xa = AxYaa single stratum, we simply apply Cor lA.5.4F 3). In general, we proceed 
by induction on strata. In the induction step, let Xa be an open stratum and assume the lemma 
holds for X^a = X — Xa (extend the partial order on strata to a total order). Then we have an 
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exact sequence 

'Romj-^^(T^^Ti,r^a'T2) Hom_^Ti,7i) Horn ^ (i^Tl, i^7^) 0. 

Since the two ends are free S-modules, so is the middle one. Moreover, letting % = vr|7i, we have 
a commutative diagram of short exact sequences 

^^o™.^<J^<-^i'^<«'^2) (^s^e Hom^fi,f2) %Qf Hom^^(I* fi,I* Ti) 0^Q, 

Homs?<Ji*<„ri,i<,r2) -Hom5^(ri,r2) -Hom^Jz*ri,«*r2) 

The two vertical arrows on the left and right ends are isomorphisms by induction hypothesis, 
therefore the middle vertical arrow is also an isomorphism. □ 

Appendix B. Construction of DG models 

In this appendix, we construct differential-graded (DG) models for certain triangulated cat- 
egories of complexes of sheaves on schemes or stacks. These DG models are known to exist in 
greater generality; however, we need explicit constructions for the purpose of proving the var- 
ious equivalences in ^ The basic strategy is to single out certain distinguished generators of 
the category in question (such as IC-sheaves or free-mono dromic tilting sheaves) and show that 
the endomorphism algebra of their direct sum is a formal DG algebra. We then identify the 
original category with the derived category of DG modules over this formal DG algebra. We 
remark that this strategy is standard in geometric representation theory, see [ABG04( §9.5-9.7] 
and |BF08t §6.5]; our contribution here is to give a unified way of treating diverse situations (such 
as equivariant and monodromic categories that appear in the main body of the article). 

B.l. A simple subcategory. We will consider one of the following two situations. 

(i) Let X be a global quotient stack (see §1.3p over a finite field k with a finite stratification 
X = Xa such that each embedding : Xa X is affine. Let & C I?^(X) be a fuh 
triangulated subcategory stable under twists (tensoring by Fr-modules), and all of whose objects 
are constructible along the given stratification. 

(ii) Consider the situation of §A.6[ Let y be a scheme as in (i) and let vr : X — > y be 
an j4-torsor, where A is a split torus over k. Let X = Ua^iXa be the induced stratification: 
Xa = 'ir~^{Ya). Let D'{Y) C D^^{Y) be a full triangulated subcategory stable under twists 
(tensoring by Fr-modules), and all of whose objects are constructible along the given stratification. 
Let^ = D'^{X/A). 

In either of the two situations, we denote by X<a,X^a the closure and boundary of Xa- We 
therefore get full subcategories ^<a, ^<q C ^ by considering X<a and X<q instead of X. Let 
^a = ®<al'3i<a- We usc ujSi.,ijj&a etc. to denote the non-mixed versions of &,Sia etc. For 
example, ujS is the image of & in D^{X 0k k) or D'^{X (g)fc k / A ®k k). 

Assumption Ci. Suppose we are given, for each a G /, a full additive subcategory '^q, C S>a 
stable under tensoring with unipotent Fr-modules, such that for any objects Ci,C2 G "^a, 

Ext|,JCi,C2)^™^P = 0, for i + 0. 

Let C be the full additive subcategory consisting of objects T such that i^J^, G '^a 
for all a (z I. Then 'rf is also stable under tensoring with unipotent Fr-modules. An immediate 
consequence of Assumption Ci is: 
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B.1.1. Lemma. ForCi,C2 G we have 

(B.l) Ex4(Ci,C2)^™'P = 0, for i ^ 0. 

'Hom^(Ci,C2)F'- i = 0; 
(B.2) ex4(Ci,C2) = <^ Hom.^(Ci,C2)Fr i = 1; 

otherwise 

v 

Proof. (IB.ip . We do induction by strata. For a single stratum this follows from Assumption Ci. 
Suppose (1B.1|1 holds for objects in ^<q,. Then for Ci,C2 G ^<a, we have a long exact sequence 

(B.3) • • • ^ Ext^(r<^Ci, i<,C2)^'^-"'^'P ^ Ext^(Ci, C2)^™ ^ Ext^i^Ci, CC2)^™^p ^ • • • 

where the Ext-groups are taken in u&^a, w^<q, and uj&a respectively. We then use the induction 
hypothesis and Assumption C2 for to finish the induction step. 

(fR2l) follows from (fBUl and ((Til)- In situation (ii), we refer to Lemma [A . 5 . 2 1 for the calculation 
of Ext-groups in ^. □ 

B.1.2. Example. In situation (i), we assume H^{Xa <^k k) is pure of weight i. Let consist of 
mixed complexes C on X^, which are pure of weight and constant over ®k^- The purity 
of H^{Xa) ensures that Ext^^(Ci,C2) is pure of weight i for Ci,C2 € which, in particular, 
implies Assumption Ci. 

In this case, "if consists of very pure complexes (compare Def ]3.1.2]) . A typical example in 
applications is that X^ = MA, the classifying space of a torus A. 

B.1.3. Example. In situation (ii), we suppose Assumption S in ^A.6I holds. Recall Ca a free- 
monodromic perverse local system on Xa- Let consist of objects Ca ® M, for any Fr-modules 
M. The vanishing of H^^{Ya (8)^ k) (see Assumption S) ensures a stronger vanishing than As- 
sumption Ci:Ext^ (Ci,C2) = for i ^ and €1,62 € "^q. 

In this case, ^ consists of free-monodromic tilting sheaves (see Def lA.7.T]) . Note that we may 
take A to be the trivial torus, then no completion is needed, and 'rf consists of tilting sheaves. 

Let S^F be the filtered version of ^ (see Remark P\.. 2. 3 1 for situation (ii)). Let O : S^F he 
the "forgetting the filtration" functor. Let &F{^) be the full subcategory consisting of filtered 
complexes /C such that Gr^ /C € '^[—i] for each i € Z. We have a natural functor 

Gr^ : ^FC^) ^ C^"^) 

which sends K. to the complex 

^ Gr^ }C[i] % Gr^^i K[i + l]^--- 

where di comes from the third arrow of the distinguished triangle Gr^^ K F^'+'^F^'K 
G/pJC-^ Gr*^^[l]. The argument of |BBD82[ Prop. 3.1.8] shows that 

B.1.4. Lemma. The functor Gi*p is an equivalence of categories. 

Here, the key point that makes the argument in loc.cit. work is the vanishing of ext^'' between 
objects in ^. 

Let p(^) be the composition C''(<r) ^^'""^ '> ^F(^) % Then ^("T) factors through an 
exact functor 

where K^^y^{'Tif) C K^Ctf) is the thick subcategory consisting of complexes in 'tf whose image in 
& is 0. We call such complexes acyclic complexes. 
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B.1.5. Lemma. For any C Hom<:^(C, )^'' "'"p and Hom<:^(— , C)^'' ""^'p transform acyclic com- 



plexes in {'lo) into long exact sequences of vector spaces. 



Proof. This follows from the spectral sequence calculating Horn between filtered complexes, which 
degenerates at E2 because of Lemma iB.l.ll □ 

Let '^f'l'-u'iip be the category with the same objects as but the Hom sets are defined by 

Hom^F.-u„ip(Ci,C2) := Hom.^(Ci, C2)^'-""p. 

B.1.6. Lemma. // a complex /C S K^{'^) has zero image in then it is zero in i^*('^^''""'^'P), 
i.e., idjc is homotopic to the zero map in C''('^^''"'^°'p). 

Proof. Suppose [•••—)■ Ci — Co — > 0] is a complex in that terminates at degree 0. We construct 
inductively a homotopy hi G Hom(Cj, Ci+i)^''"'^°'P such that 

(B.4) hi-idi + di+ihi = idc,, for i = 0, 1, ... 

Starting with i = 0. By Lemma |B.1.5[ we have a long exact sequence 

> Hom(Co,Ci)^'^-"°'P % Hom(Co,Co)^'^-""P ^ ^ • • • 

Therefore idc^ lifts to a map /iq G Hom(Co, Ci)^''"'^°'p. 

Suppose we have found h^, - ■ ■ , satisfying ()B.4p . Then by Lemma |B.1.5[ we again have a 
long exact sequence 

• • • ^ Hom(Ci,Ci+i)^'-'^°'P ^ Hom(C„C,)^™ % Hom(C„ C,_i)^™ ^ • • • 

Since idc^ — /ij_i(9j has zero image under di, it lifts to the desired map hi G Hom(Cj, Cj+i)^''"™'^. 
This completes the induction. □ 

B.1.7. Proposition. The functor p{'rf) : K'' {'rf) / K^^y^{'tf) Si is fully faithful. It is an equiva- 
lence of categories if each generates Sa as a triangulated category. 

Proof. By definition, the ext-groups in {'lo) / K^^^^^'io) are computed by 

(B.5) ext*^6(c^)/^6^^^(c^)(C,C') = lii^ hom^i,(.^)(;C,C'[?]) 

K—^C with acyclic cone 

We will exhibit a cofinal set of maps to C with acyclic cones. Consider C[t]/t" = C(8'Q^[t]/t" G & 
where Qi[t]/t'^~^^ is viewed as a Fr-module where Fr-acts as multiplication by exp(t). Since 
Qiltj/f^ is a unipotent Fr-module, and ^ is stable under tensoring unipotent Fr-modules, C[t]/t" G 
-r. Let C[[t]] := "l^"C[i]/r G pro-T. 

Recall we have a forgetful functor — ^ ^Fr-unip_ admits a left adjoint <^Fr-unip _^ pro^ 
sending C i— )■ C[[t]]. The adjunction means 

(B.6) homp,oAC[[t]],C') = lii^Hom(C[t]/t"+\C')^'' = Hom(C, C')^™'p. 

In fact, the bijection is given by restricting cp : C[[t]] — )• C to ujC = ojC (8) 1 C a;C[[t]]; its inverse 
is given by sending -0 : ojC — > ujC to (j) where (j)\{ujC ® t") = log(Fr)'^^ (this makes sense because 
(Fr - = for large N). 

Now suppose we are given a complex K = [•••—)• — — > KP — )■ • • • ] which maps to C (i.e., 
f : KP ^ C) with acyclic cone 
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Taking Hom(C, —)^^ "'"p on this sequence still yields a long exact sequence by Lemma IB. 1.51 

> Hom(C, /C°)^''-"'"P ^ Hom(C, /C^ C)^"-^"^? ^ • • • . 

By ()B.6p . we get an exact sequence 

> hom(C[[t]],/C°) ^ hom(C[[t]],/C^ ©C) ^ hom(C[[i]], /C^) ^ • • • . 

Let pr : C[[t]] C he the natural projection. Then {0,pr) € hom(C[[t]], /C^ © C) has zero 
image in hom{C[[t]],)C^), hence lifts to a map : C[[t]] KP . Similarly, G hom(C[[t]], ;C°) 
has zero image in hom(C[[t]],/Ci ©C), hence lifts to a map cp ^ : C[[t]] — )• /C ^. The maps 



/C give a map between complexes which factors through 



■C[t]/t^ 



-^/CO — 



for some n. This proves the cofinality of the maps 



c. 



Finally, when computing ext 



(C, C) using the cofinal set of maps 



C, we see it is the cohomology of the following two-step complex 

^ hom(C[[t]],C') A hom(C[[i]],C') ^ 0. 
By ()B.6p . this is the same as 



0^ Hom(C,C')^™'P 



log(Fr)^ 



Hom(C, C'f'-^'^'P 0. 



But this is quasi-isomorphic to the complex calculating ext^(C, C) (see Lemma fB.l.ip . This show 
that p(^) is fully faithful. □ 

B.2. The DG model. To get nice DG models of ^ and we make two more assumptions. 

Assumption C2. For every a, there is an object Ca G such that every object in has the 
form Ca ^ M for some complex M of Fr- modules. Moreover, generates &a as a triangulated 
category. 

Note that this assumption is not saying that Ca ® M ^ for any M S L'^(Fr). 

It is clear that the twists of either the objects {ia\.Ca\a € /} or the objects {ia,*Ca\a G /} 
generate ^ as a triangulated category. 

Assumption C3. For every a, there exists an object Ca € '^<a such that i*CQ, = Ca- 
Moreover, the kernel of the ring homomorphism i* : End<|^(Ca)^''""'^'P — >■ End-,^^ (£0,)^''""'^'^' is 
nilpotent. 



B.2.1. Example. In Example IB. 1.21 assume the stratification on X is given by orbits of a group 
G acting on X. Assumption C2 is satisfied with Ca being the constant sheaf. Here it is crucial 
that we work with complexes with integer weights: otherwise '^a would not generate &a as a 
triangulated category. 

Let TCa = ia,\*'^i (we may need to shift to make sense of ia,\*-, then shift back). Obviously 
XCa is G-equivariant, hence geometrically constant along each orbit. Then XCa € ^ if and only 
if it is very pure, i.e., both i*JLCa and v^XCa are pure of weight zero as complexes. In this case. 
Assumption C3 is satisfied with Ca = XCa- In fact, the restriction map End®(ZCa) — )> End<g'^(Q£) 
is an isomorphism. 
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B.2.2. Example. The example in lB.1.3l satisfies Assumptions C2 and C3 if we take to be the 
free-monodromic perverse local system as before. In fact, we take = Ta constructed in Lemma 
IA.7.31 Note that ir^Ta = Ta is a tilting sheaf on y<a such that the natural map i^T^ — t- i^7^ 
is zero (see the construction in |BBM04al §1.1]), therefore the natural map r^Ta —>■ T^Ta is 
topologically nilpotent (in the VA-adic topology, since both are 5- modules of finite type). This 
ensures Assumption C3. 

B. 2.3. Lemma. For every object C € there are complexes Ma € D''(Fv) such that C is 
isomorphic to ©qM^ ® Ca up to Frobenius semisimplification, i.e., there is an isomorphism 
©qMq, (81 Cq — > C in '^l^i'-™ip. Jfi particular, a f-?- uCa sets up a bijection between the strata 
set I and the isomorphism classes of indecomposable objects in oj"^ . 

Proof. We will make use of the simple observation that for Ci,C2 G '^<a, the restriction map 

Homc^(Ci,C2)^'^-'^"P ^ Hom.^Ji;Ci,CC2)^™ 

is surjective. Li fact, this follows from the long exact sequence ()B.3P and the vanishing of 
Ext^^Ji*<„Ci,4,C2)^™'P. 

We do induction on the support of C. Suppose C G '^<a. By Assumption C2, i*aC = Ma ®ojCa 
for some Ma G -D^(Fr). The above observation gives maps in both directions in <^Fr-unip 

Uj{Ma Ca) ^UjC % Uj{Ma Ca)- 

whose restrictions on Xa are identity. The composition il^cj) G End(MQ ® Cq)^''""°'p is an isomor- 
phism because its restriction to Xa is (here we use the nilpotency Assumption C3). This implies 
that C — > Ma Ca (B C in "^Fr-ump £qj. gQjj^g Q' g ^<Q. We then apply induction hypothesis to 

C. □ 

B.2.4. Remark, (i) In Example IB.2.1t the objects Ma that appear in the decomposition above 
are necessarily pure of weight 0. The above statement can be rephrased as "every very pure 
complex is a direct sum of shifted simple perverse sheaves up to Frobenius semisimplification", 
which is a special case of the decomposition theorem |BBD82t Theoreme 6.2.5]. 

(ii) In Example IB.2.2t the objects Ma that appear in the decomposition above are neces- 
sarily in degree 0. The above statement can be rephrased as "every mixed free-monodromic 
tilting sheaf is a direct sum of indecomposable mixed free-monodromic tilting sheaves Ta up 
to Frobenius semisimplification". Note, however, this statement does not imply that any mixed 
free-monodromic tilting sheaf with indecomposable underlying complex is isomorphic to the twist 
of some Ta- 

B.2.5. Corollary. Let C be such that End<g'(C) is Fr -semisimple. Then C = ^^^j Ma ®Ca 
for Fi-semisimple complexes Ma (i.e., complexes Ma = [• • • — )> Ma — ?> • • • ] where each Ma 

is Fi- semisimple). 

Proof. By Lemma lB.2.31 the idempotents ta corresponding to the direct summand uj{Ma ®Ca) 
of u}Ca belong to End(C)^''""'^'P. Since Fr acts semisimply on End(C), these idempotents are Fr- 
invariant, hence the Ma ® Ca are direct summands in ^ . Now that idc^ ®Fnd{Ma) C End(C), 
End(MQ) is also Fr-semisimple. This implies that Ma is itself Fr-semisimple. □ 

Suppose we are given another set of objects G '^<q, one for each a G /, such that i*J^Ca = 
Ca- For example, we could take ^Ca to be Ca- 

B.2.6. Lemma. The triangulated category Q) is generated by the twists of the objects {^Ca \a G /}. 
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Proof. We do induction on the strata^. Suppose is generated by twists of {^C/3|/3 < a}. 
We want to show that &<a is generated by twists of {^C/3|/3 < a}. We have a canonical map 
'i'a,\^a ^Ca whose cone hes in ^<a, hence ia,\J~-a is generated by twists of {^Ci^l/S < a}. By 
Assumption C2, is generated by ia,\^a and ^<a, we are done. □ 

Let = eJCa and 
(B.7) £^ = 0Ext*^(^C,^C)°PP 

be a Q^-algebra with Frobenius action (forgetting the cohomological grading). 

B.2.7. Theorem. Fix a triple C (^C a\o! G /}) satisfying Assumptions C\, C2 and C3. 
Then 

(1) The functor 

h^^ = Ext%{^C, -) : ^ Mod(S, Fr) 

is a fully faithful embedding. 

(2) The functor C^{'tf) — >■ C^{E, Fr) induces a fully faithful embedding 

h,c:K\^)/Kl^,{^)^D\E,¥v). 



(3) The composition of functors (note that pCrf) is an equivalence by Prop B. 1.7 and Lemma 

M = M(^ C {^Ca}) : ^ ^^^^ K^C^)/i^^,y,Cr) ^ L>^(^,Fr) 

is fully faithful, and the essential image is the full triangulated subcategory generated by 
the twists of {E, Ft) -modules {ilom{^C,^Ca)\a £ I}. 

Proof (1) Let Ci,C2 € By Lemma [BXTI 

hom<r (Ci , C2 ) = Homc^ (Ci , C2 ) . 

On the other hand, 

homMod(£;,Fr)(^Hc(Cl)> ^"0(^2)) = Hom£;(/l[,^(Ci),/lHc(C2))^''. 

Therefore it suffices to show that the natural map 

HiC,,C2) : Hom^(Ci,C2)^™ ^ HomE(/i,c(Ci), /i^c(C2))''™ 
is an isomorphism for any Ci, C2 G 'rf. If Ci = ^C, we have 

HomE(/i^c(^C),/i,c(C2))^™ = liomE{E,hc{C2)f 

= /i^c(C2)^"""'P 

= Homc^(^C,C2)^'^""^'P 

The last equality follows from Lemma iB.l.ll Hence H{Ci,C2) is an isomorphism for Ci = ^C. 
Therefore it is an isomorphism for Ci = ^Ca, for any a. By Lemma lB.2.31 u'^^Ca is a direct sum 
of the ujC/s^s, which in particular contains uCa as a direct summand in <^Fr-ump^ hence H{Ca,C2) 
is also an isomorphism. By Lemma lB.2.31 again, this means H{Ci,C2) is an isomorphism for all 
Ci, C2 S 



"^For this, we need to extend the partial order on the set of strata to a total order, and redefine Si<a, etc. 
Suppose we have done this modification in the notations. 
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(2) By Lemma lB.1.61 objects in K^^y^{'rf) are null-homotopic in K^['if^^~^'^^P)j hence they get 
mapped to acychc complexes in K^{E, Ft). Therefore we have the factorization h : K^{^) /K'l^y^{^) 
D^{E,Fr). By Prop lB^l.71 the ext-groups in K''{'rf)/K^^y^{^) are computed in the same way as 
in i.e., as in Lemma iB.l.li Notice that the ext-groups in D^(E,Fic) are computed similarly 
by Fr-invariants and coinvariants. Therefore h is fully faithful. 

(3) Obvious. □ 



B.3. Functoriality of the DG modeL We study the functorial properties of the equivalences 
in Theorem IB. 2. 71 Let ^ and be two categories as in ^B.ll Let <I> : ^ ^> i^' be an exact 
functor which admits a filtered lifting : S^F S^'F. Let (resp. '^') be the subcategory 
of ^ (resp. satisfying all Assumptions C/ {i = 1,2 and 3). Let e "rf and G be the 
sum of generating objects {^Ca} and {^C^} as in Lemma fB. 2. 61 and let E,E' be the algebras as 
in (IBTtI) . 

B.3.1. Proposition. Suppose <I> sends to . Let ■.'^ he the restriction o/<I>. Then 

there are canonical natural isomorphisms making the following diagram commutative 



D\E,Fv) 



D^E^Fv) 



where is the (E' , E)-bimodule (with Fi-action) 

=Hom^/(^C',$(^C)). 

Proof. The commutativity of the left side square is obvious. To give the natural transformation 
for the right side square, we only need to give a natural isomorphism making the following diagram 
commutative 

<r — ^ Mod(£;, Fr) 



■i>|%f 



B*8)i5(-) 



There is a natural transformation 



<r'— ^Mod(^',Fr) 



B^ (E)E Homc^(^C,-) 
Hom.^/(^C',$(^C)) (S)E Homc^(^C,-) 
Hom.^/(^C',$(-)) 



sending f g to ^{g) o /. Since /?(— ) is Fr-equivariant, it suffice to show that /3(C) is an 
isomorphism for any C&'if. This is obvious if Ci = ^C, hence also for C = ^Ca for any a. 
By Lemma IB. 2. 31 u^Ca contains coCa as a direct summand in '^^^-^"^v^ hence /3{Ca) is also an 
isomorphism. By Lemma lB.2.31 again, this means /3(C) is an isomorphism for all C € □ 

B.3.2. Remark. The above Proposition has obvious versions for functors of the form ^ : &i x 
■ ■ ■ X &r ^ ^ where &i and ^ fit into the setting of Theorem IB. 2. 71 In particular, suppose & 
carries a monoidal structure * : 3) x ^ ^ 3> which restricts to a monoidal structure on Let 
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C be the {E, E ® S)-bimodule Homc^(^C, * ^C). Then we have a natural commutative diagram 
of monoidal structures (i.e., together with compatibihty among the associativity constraints): 

^2 {K\^)/Kl^^{^)f ^ D^{E, Fr)2 



L 

C®e®e(-) 



c^i Jll^ K\<t^')/Kl^,{^') D\E\ Fr) 

The compatibihty among the associativity constraints follows from the canonicity of the natural 
isomorphisms in Prop lB^3Tl 

B.4. Application to equivariant categories. We first apply Theorem IB. 2. 71 to the special 
case X = MAoi Example |BXi1 This yields 

B.4.1. Corollary. 

(1) There is an equivalence of triangulated categories 

Z)i(BA) ^I)perf(SA,Fr) 

sending the constant sheaf to Sa- Here Sa = Sym(Vj) is viewed as a Q^-algebra 
with Ft -action (placed in degree 0) and D^criiSA^Fi) C D''(S'^,Fr) is the full triangulated 
subcategory generated by twists of Sa- 

(2) The pull-back functor D^^^{MA) — )■ D^(pt) = D^{Ft) corresponds to the functor 

(-) ^Sa • ^perf(SA,Fr) ^ Z^^(Fr). 

In fact, Cor JB.4.Tl f2) above follows from the functoriality of the DG model in Prop lB^Tl 

B.4.2. Corollary. Let X be a scheme with a left action of a torus A. Let vr : X — ?> [^V-'^] 
be the projection. For any Ti,J^2 G D^{[A\X]), we view H}lom[A\x]{J~ij ^2) cls an object in 
Z),|^(BA) = D^{Sa,Ft) via Cor B.^A\ Then we have a functorial isomorphism for Ti,J-2 G 



D'f,i[A\X]): 

(B.8) RHom[A\x] (-^1,-^2) = RHomx(vr*-Fi, vr* J2) 

In particular, taking J-\ to be the constant sheaf, we get 

(B.9) Rr([^\X],7-) ^ KT{X,TT*T) 

Proof. Applying smooth base change to the Cartesian diagram 

X — [A\X] 



pt ^B^ 

and the complex RHom(J^i, J2) G D^{[A\X]), we get 

p*RHom[A\X] (-^1,-^2) = RHomx(vr*J-i,7r*J-2). 
It remains to apply Cor lB.4.TT 2). □ 
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More generally, in the situation of Example IB.2.H we have a fully faithful embedding: 

M = M(^C^;{^Co}) : ^ ^ D\E,Fy:). 

where C ^ is the category of very pure complexes. 

We can say more about the Hom-sets under M. For any locally finite Fr-module M, let Mi be 
the submodule of weight i (i.e., the sum of generalized eigenspaces with eigenvalues of weight i). 
For any graded Fr-module A^* = 0A^*, we define 

iVpV := SiGziVi • 

B.4.3. Lemma. There is a functorial isomorphism 

(B.IO) Ext^(J-i,7-2)pur ^ HomE(MJ-i,MJ-2) 

for Fi,T2 e 

Proof. The argument of Theorem IB . 2 . 7( 1 ) shows that 

Ext^(Ci,C2) = Homs(/iic(Ci),/i,c(C2)) 

for Ci,C2 € 'lo. Note that for Ci,C2 € 'lo, Ext*(Ci,C2) is pure of weight i, hence (|B.10p holds for 
-^1,-^2 G 'f^- In general, we represent objects Ti ^ Si hy complexes of objects in and use a 
spectral sequence argument to deduce (IB.lOp . □ 

B.5. Application to monodromic categories. Applying Theorem IB. 2. 71 to Example IB. 2. 21 
we get a fully faithful embedding: 

M = m{3r c ^{^C„}) : D\E,Ft) 

where ^ C ^ is the category of free-monodromic tilting sheaves. Again, we can say more about 
the Hom-sets under M. 

B.5.1. Lemma. There is a functorial isomorphism 

Rom^Ti , 7'2 ) = Hom e (MTi , MT2 ) 

for T\,T2 G ■ 

Proof. We only need to note that there is a functorial isomorphism 

Hom,^(fi,f2) ^ Homi5(/i^c(fi),/i^c(7i)) 

for any ri,r2 G =3^. □ 

B.5.2. Remark. In Example IB. 2. 21 the algebra E will be an Sa = ^m Sym(V^) 71/4 -module of 

finite type. Recall the functor {—)^ in (jl.ip . For any (S^i, Fr)-module M of finite type, M-f is 

an (5a, Fr)-module of finite type, where Sa = Sym(VA) = 'S'^- ^^^y adjoint 
functors 

D\E, Fr) " — T D\eJ^,Ft) 

are actually equivalences of categories. Therefore, in Theorem IB. 2. 71 we may also use 
as a DG model for the completed monodromic category S = .M . 
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Appendix C. Calculations for SL{2) 

In this section, we specialize to the case G = SL(2) and the other notations (e.g., , ^) are 
understood to be associated to SL(2). Let B = UH he a Borel subgroup with unipotent radical 
U. The flag variety J-i = and the enhanced flag variety is J-£ = — {0} with the projection 
TT : Ti — )• T£ identified with the usual Gm-quotient — {0} — )■ F^. We denote the inclusion of 
the open and closed i?-orbit into J-'i (resp. J-i) by j and i (resp. JandT). Let s be the nontrivial 
element in the Weyl group W. Let IC be the IC-sheaf of F^. 

A well-known computation of //^(P^) gives the following 

C.l. Lemma. There is a Fr -equivariant isomorphism of S-bimodules: 

M{IC) ^ 0{T{e) U r(s))[l](l/2). 

The free-monodromic tilting sheaf. We will construct a free-monodromic tilting object 
T € ^ whose underlying complex is indecomposable. For each n > 1, we have a local system 
£„ on the open stratum of J^£ corresponding to the representation S/VJ^^^S of TTi{H,e). Let 
An = J\Cn[2]{3/2), V = %Cn[2]{3/2). We have an exact sequence in 

TT^5{l/2 + n) ^ A„ ^ V„ ^ 7r^(5(-l/2) ^ 0. 

Passing to the projective limit, we get an exact sequence in 

(C.l) 0^ V^7rt5(-l/2) ^0. 

Now we define T by the fibered product of V and 6{—l/2) over 7r^J(— 1/2). Therefore it fits into 
two exact sequences 

(C.2) 0^ A^f^?(-l/2) ^0 

0^6(1/2) ^ r ^ V ^ 0. 

where (5(1/2) is identified with the kernel of 6{—l/2) it^6{— 1/2). This shows that T is a 
free-monodromic tilting sheaf. 

C.2. Lemma. 

(1) There is an isomorphism of {S x S,Fr)- algebras: 

End^f) ^ 0(r*(e) U r*(s)). 

(2) There is a Fr- equivariant isomorphism of S-bimodules: 

v(f) = o(r*(e) u r*(s))(-i/2). 

Proof. (2) Recall the object V (z ^ which represents V (see Lemma 14. 4. lip . Since T = vr-j-T 
is an indecomposable tilting sheaf on P^, it is easy to see that is also a projective cover of 
uj6. Therefore uT is a projective cover of ujtt^6 in Since T 7r'l"(5(— 1/2) is the highest 
weight quotient, Hom('P, T'(1/2))^''""'^'p = Q^, hence hom('P, 7'(l/2)) = Q^. Any nonzero ho- 
momorphism V T{l/2) is in fact an isomorphism because after taking TTj it is. Therefore 
Y{f) = Hom(:P,T) = End(T)(-l/2), and the statement follows from (1). 
(1) We have maps 

(C.3) S(^S ^ End(f) End^ {£) x End^ (S) = 0{F*{s)) x 0{F*{e)) 
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where the first arrow is given by the left and right logarithmic i/-monodromy and the second 
given by restrictions to two strata. The exact sequence (jC.l|) gives an exact sequence 

^ Hom(f, A) ^ End(f) ^ End(5(-l/2)) = Hom(f, ?(-l/2)) ^ 

On the other hand by Lemma 14.5.61 and the isomorphism V = T(l/2), we have 

Hom(f, A) ^ Hom(P, A)(l/2) ^ V(A)(l/2) ^ 0(r*(s))(l) 

and the natural homomorphism i* : Hom(T, A) — ?> End(A) is the inclusion 0{T*{s)){l) 
0(r*(s)). Therefore in (IC.3|) is injective. The composition of the maps in (|C.3|) has image 

0{T*{s) U r*(e)), hence the map S®S^ EndCf ) factors through 

S®S^O{T*{s)VJT*{e)) ^End(f). 

Therefore we have a commutative diagram of exact sequences 

0(r*(s))(l) ^ 0{T*{s) U r*(e)) ^ 0{T*{e)) 



Hom(r, A) End(r) ^ End(5(-l/2)) 

Since the first and third vertical maps are already shown to be isomorphisms, the middle one 
must also be an isomorphism. □ 

Finally we compute the convolutions in S. Observe that for any J-" € we have 
C.3. Lemma. We have 

A* A e (A(l/2),A[-l](-l/2),<5) 
Vfv € (V(-l/2),V[l](l/2),5) 

Proof. We prove the first relation; the second can be proved similarly. Applying A * to the 
distinguished triangle 

(C.4) 6(1/2) ^ A ^IC ^, 

we get another distinguished triangle 

A(l/2) ^ A f A ^ XC[-l](-l/2) ^ . 

In other words, A * A G (A(l/2),XC[-l](-l/2)). The triangle (fail) also implies that ZC[-1] (-1/2) G 
(A[-l](-l/2),5). Therefore A f A G (A(l/2), A[-l](-l/2),5). □ 
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List of symbols 

G A Kac-Moody group 

A Kac-Moody group whose root system is dual to that of G 

H, A fixed Cartan subgroup of G and its dual in G^ 

Vh Q^-Tate module of H 

B, U The standard Borel in G and its unipotent radical 

, The standard Borel in G^ and its unipotent radical 

W The Weyl group of (G, H) 

We The Weyl group of (Le , if ) 

[We\W^] The shortest representatives in the coset VFe\VF 

{VKe\VK} The longest representatives in the coset VKe\M^ 

wb , The longest element in Wo and its length 

Pe = Ls The standard parabolic subgroup and its Levi decomposition 

C^e, Uq Lq n U and its opposite maximal unipotent subgroup of Lq 

Tl,J-l The flag variety GjB and its enhancement GjU 

TT The projection GjU G/B 

qTIg The partial flag variety Pq\G 

TT® The projection B\G Pe\G 

X A nondegenerate additive character of Uq 

Sg The equivariant category D^-^{B\G/B) 

Sa,B The parabolic category D^{Pe\G/B) 

^G,^G The monodromic category D'^{B^^^G / B) and its completion 

^G,B,-^G,e The Whittaker category D'^{{U^Uq ,x)\G y B) and its completion 

#,t^ ' DUU\G/B) s.ndDUB''\G''/U'') 

t^e The paradromic category D^^{P^\G'' /U"") 

^tg, The "Whittavariant" category i3^((f/®C/e , x)\G/B) 

Avf The averaging functor ^ — >■ 

ICw The intersection cohomology complex of J-t<^ in various categories. 

Au_, , A— The standard sheaves in S and Sq 

Vu, , V— The costandard sheaves in S and (fe 

L The free-monodromic local system on a torus H 

Au,, A:nj_;^ The free-monodromic standard sheaves in and 

Vu,, V™,x The free-monodromic costandard sheaves in .M and^^e 

Twi Tiij.x The indecomposable free-monodromic tilting sheaves in ^ and , 

T-w , The indecomposable tilting sheaves in S?^ and ^ 

Cq The constant sheaf on J-"i'<,„g, 

■Pe Its underlying complex is a projective cover of in it}l¥'<-u]Q, 

Sh Sym{V^) 

Sh Sym(Vjj); logarithmic monodromy operators by H 

H The global section functor of <f and its cohomology 

V The averaging functor: D''{S ® S, Fr) 

u Forgetting the mixed structure 
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